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AMBIGUITY IN MATHEMATICS CLASSROOM DISCOURSE 
Richard Barwell 
University of Bristol 
Ambiguity is generally seen as problematic in mathematics and this view may also 
arise in mathematics classrooms.  The national numeracy strategy, for example, 
advises teachers to ‘sort out’ any ambiguities in students’ mathematical language. In 
this paper, I offer a discursive analysis of a transcript in which ambiguity can be seen 
as an important resource for making sense of the concept of dimension. This in turn 
raises questions about the role of ambiguity in doing mathematics. 
INTRODUCTION: AMBIGUITY AND THE NNS 
Mathematics, particularly school mathematics, is seen as a subject that avoids 
ambiguity. If ambiguity is the appearance of two or more possible meanings for a 
word or other linguistic expression, then mathematicians aim for precision, clarity 
and unique meanings for the words and expressions they use. Pimm (1987) 
characterises this perception of mathematics as follows:  
…there are right and wrong answers to everything, together with clear-cut methods to be 
taught and learnt for finding them. So how can mathematics be discussed when there is 
no place for opinion, informed or otherwise? While there might be open problems at the 
frontiers of mathematics, it is all sorted out and written down at the school level (p. 47). 
The ‘clear-cut methods’ Pimm refers to include the careful definition of terms and 
notation. Definitions are designed to precisely delineate what a term does and does 
not refer to. 
The National Numeracy Strategy (DfEE, 1999) appears to subscribe to the preceding 
perception of mathematics as an ambiguity-free zone. Guidance on teachers’ use of 
mathematical language (DfEE, 2000) appears as part of a booklet entitled 
Mathematical Vocabulary, which consists largely of lists of words designed to be 
suitable for each year-group from Reception to Year 6. In a brief introductory section 
entitled ‘How do children develop their understanding of mathematical vocabulary?’, 
teachers are provided with three paragraphs of advice to support them in their use of 
language in the mathematics classroom. The main points of this advice are: 
•  children need supporting to move on from ‘informal’ to ‘technical’ language in 
mathematics, and from hearing and speaking new vocabulary to reading and 
writing, 
•  teachers should ascertain the extent of children’s mathematical vocabulary and the 
depth of their understanding, 
•  the introduction of new vocabulary is important and teachers should structure 
carefully how they do this. 
The underlying model on which  the guidance appears to be based sees mathematical 
meaning as separate from language and views technical terms as being used to 
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convey precise mathematical meanings. This model is illustrated by the following 
extract: 
You need to plan the introduction of new words in a suitable context...Explain their 
meanings carefully and rehearse them several times...sort out any ambiguities or 
misconceptions your pupils may have through a range of...questions (DfEE, 2000, p. 2). 
Thus, whilst ambiguity may arise in the mathematics classroom, it is with the 
students, rather than as an inherent part of mathematical talk. Ambiguity, 
furthermore, is similar to misconception, with connotations of error, of 
misunderstanding, of not having fully mastered the discourse.  
A DISCURSIVE PERSPECTIVE 
The perspective outlined above is based on a rather formal model of the relationship 
between language and learning. An alternative view looks at language as it is used 
(see, for example, Edwards, 1997; Gee, 1999). From this perspective, for example, 
rather than examining whether students or teachers use a mathematical term 
‘correctly’ or not, in accordance with its definition, interest is in how participants use 
such terms, and what they use them to do. Thus, mathematics classroom interaction is 
examined in terms of the discursive practices of the participants. In considering the 
role of ambiguity in mathematics classroom interaction, therefore, the aim is to 
understand how ambiguity arises for participants, how they deal with it and what it 
does in relation to the mathematical (or other) work of the discussion. 
In the conference session, I offered an opportunity to explore the role of ambiguity in 
the teaching and learning of mathematics, through examination of an example of 
mathematics classroom interaction in which ambiguity becomes a relevant concern 
for the participants. The interaction was presented in the form of a transcript of the 
first few minutes of a Year 5 mathematics lesson, in which the concept of 
‘dimension’ is discussed. The full transcript is reproduced in an earlier BSRLM 
proceedings (Barwell et al., 2002). In this paper, I present and briefly comment on 
one short exchange from the transcript, before outlining some aspects of the 
discussion that emerged at the conference. 
DISCUSSING DIMENSIONS 
The teacher (T) began the lesson by introducing the topic of 2 and 3 dimensions. 
After some rehearsal of properties of 2D and 3D objects (e.g. length, breadth etc.) 
there is a discussion of the nature of 1D and 0D objects. In the following short 
excerpt, the teacher has just turned to a set of brightly coloured plastic shapes (see [1] 
for transcript conventions). 
41  T  I don’t like these (…) coz they look like three dimensional don’t they. 
They’re thick but they’re not meant to be, they’re meant to be two 
dimensional. Okay, they’re flat shapes (picks up a square) 
42 ?  A  cylinder 
43  T  Yeah that’s a cylinder (laughs, waves circle) (and that’s a) 
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44 ?  a  cuboid 
45  T  cuboid (waves square). But it’s not meant to be it’s meant to be flat. 
Yes K. 
46  K  There’s no such thing as a one dimensional shape coz a line is kind of 
like a rectangle filled in 
47  T  Yeah. What just a line? (points to board) 
48 K  Yeah 
49  T  Like a- what like [ (…) (gestures thinness) 
50  K             [ a rectangle filled in 
51 T  (Giggles) Very clever. Like a dot (draws dot) oops (erases, does again) 
like that. It’s interesting isn’t it. Yes H? 
In using the flat plastic shapes, the teacher introduces an ambiguity. She points out 
that the shapes “look like three dimensional”, even though they are “meant to be two 
dimensional” (turn 41). For this discussion of ambiguity, the issue here is not whether 
or not the shapes should really be seen as 2D or 3D. Rather, what is observable, is 
that the teacher has explicitly constructed an ambiguity around the shapes. They are 
‘meant’ to be 2D, but can be viewed as 3D. This ambiguity is in terms of what is 
‘meant’, so that the teacher’s alternative reading can be seen as mildly subversive, in 
the sense that it goes against what is ‘meant’. The students in the class are receptive 
to the teacher’s ambiguity, describing two of the shapes as solids rather than planes. 
A ‘circle’ is described as a cylinder. A ‘square’ is described as a cuboid. The teacher 
reasserts, however, that the latter is “meant to be flat” (turn 45). 
The teacher’s ambiguity is taken up by a student, K. Continuing an earlier discussion 
in which a 1D shape was characterised as “a line”, K constructs an ambiguity similar 
to that made by the teacher when describing the plastic shapes. He portrays a line as 
“like a rectangle filled in” (turn 46). In the same way that a ‘flat’ plastic shape is 
actually three-dimensional, a representation of a ‘line’ has some thickness. A line can 
be seen as both one-dimensional and two-dimensional, and is therefore ambiguous. 
K’s statement about one dimensional shapes (line 46), and the ensuing discussion, 
can be seen as an exploration of what it is possible to say using the word dimension. 
In short, K, and elsewhere in the discussion, the class, are probing and developing 
aspects of mathematical discourse. In so doing, the use of the term dimension 
becomes more complex, encompassing more mathematically mature discursive 
practices. Among these are that any object can be described as having additional 
dimensions; and consequently, that the language of dimension offers different ways 
of describing mathematical objects, each of which is equally applicable. 
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THE DOG THAT DOES NOT BARK AND OTHER MATTERS 
Taking the transcript as a starting point, participants in the conference session 
explored a number of aspects of the role of ambiguity in mathematics classroom 
discourse. I will briefly discuss three: 
•  the dog that does not bark in the night: the representation is not the object 
•  ambiguity as a moment of learning 
•  ambiguity and mathematicians 
The dog that does not bark in the night 
Mike Askew [2] used the expression ‘the dog that does not  bark in the night’ to 
describe a key mathematical discursive practice, by which representations of objects 
can only stand for that which they represent. Mathematical discourse is frequently 
concerned with objects which cannot be produced in a tangible sense. Hence the 2D 
shapes used by the teacher in the transcript cannot ever be 2D. Even as 3D objects, 
they can never be perfectly cuboid or cylindrical. The dog is not confined to 
geometry. Relations between numbers can only be represented. The notion of 
‘double’, for example, cannot be shown in any absolute sense. It may be represented 
by pairs of numbers, or collections of objects, but the relation itself cannot be 
conjured up. A key aspect of mathematics discourse, then, is that it concerns matters 
which can be alluded to, exemplified, explained, defined or described, but not created 
in any tangible way. The ‘gap’ between what is meant and what is said or represented 
provides for the possibility of ambiguity. The students in the transcript are able to 
explore this possibility through its acknowledgement by the teacher. 
Ambiguity as a moment of learning 
Harry Grainger argued that ambiguity was closely linked to learning. In the part of 
the transcript, for example, where there was no ambiguity, or rather, in which no 
ambiguity was explicitly assumed by the participants, the exchanges have a more 
rehearsed feel. Students recite ‘length, breadth, height’ or name parts of a circle. The 
teacher affirms the students’ utterances, and so maintains the appearance that 
meanings are clear, unambiguous and shared by all. Once some degree of ambiguity 
is constructed, as in the above extract, a space opens up for the students to explore. 
Where a plastic shape was ‘a square’, it becomes ‘a square’ or ‘a cuboid’. By 
describing the shapes in two ways, the teacher highlights different ways of seeing the 
objects, ways of seeing which can be applied to other objects or representations, as 
some of the students then do. In exploring the relationship between these different 
ways of seeing, the students learn different ways of talking about geometric forms, as 
well as how they relate to each other. This observation turns the NNS guidance on its 
head. Rather than ‘sorting out’ ambiguities, teacher should see them as opportunities 
for mathematical exploration. 
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Ambiguity and mathematicians 
During the discussion, I was prompted to wonder whether ambiguity played a part in 
‘professional’ mathematics. My wondering came from the idea that ambiguity plays a 
part in learning. The students in the transcript are learning to do mathematics and to 
talk about mathematics and ambiguity has a role in that learning: could this not also 
apply to ‘professional’ mathematicians? Peter Johnston-Wilder suggested one class of 
problems which could be seen as depending on ambiguity, exemplified by Russell’s 
Paradox. The paradox is summarised by Clark (1975), who gives the example of 
Epimenides the Cretan: 
who had awkwardly said that all Cretans were liars. Was this statement in fact a lie? The 
question appeared to have only one answer: if it was it wasn’t, and if it wasn’t it was (p. 
79). 
Statements such as ‘all Cretans are liars’, if uttered by Cretans, could be seen as 
ambiguous, and, since such statements became crucial to Russell’s early work, 
mathematically significant. Russell’s Paradox perhaps provides an example of a role 
for ambiguity in mathematics and in the doing of mathematics, since the ambiguity 
had to be understood for the work to continue.  
CONCLUDING REMARKS 
Whilst mathematics may popularly be seen as essentially unambiguous, the 
exploration of mathematical discourse, stimulated by the ‘dimensions’ transcript, 
suggests that this is not the case. Ambiguity forms an important discursive resource 
in school mathematics discourse, and perhaps in all mathematics discourse. It is the 
potential for ambiguity inherent in all language, that allows students to investigate 
what it is possible to do with mathematical language, and so to explore mathematics 
itself. If, as suggested by the National Numeracy Strategy, all ambiguity is ‘sorted 
out’ as soon as it arises, valuable opportunities for students to learn the subtleties of 
mathematics could be lost.   
NOTES 
1  Transcript conventions: Bold indicates emphasis. / is a pause < 2 secs. // is a 
pause > 2 secs. (...) indicates untranscribable. ? is for question intonation. ( ) for 
where transcription is uncertain. [ indicates overlaps. 
2  This section includes my interpretations of the discussion, including the 
contributions of particular individuals. I offer no guarantee that my interpretation 
corresponds with anyone else’s recollections of the session. 
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ERRORS AND MISCONCEPTIONS IN KS3 ‘NUMBER’ 
Chris Bills 
University of Central England 
In June 2003 Y7 pupils in five schools completed a test based on questions first used 
in the CSMS and APU studies. The aim was to collect data in order to inform new 
teachers about pupils’ common errors and misconceptions. The data may also be 
used for purposes of comparison with results collected by teachers in other schools. 
The study indicates that in this sample a high proportion of pupils gave correct 
answers but that there were significant numbers of pupils with misconceptions. In a 
separate study Y7 pupils in one school were asked to perform written calculations in 
order to identify the strategies used. Accuracy levels were low for multiplication and 
division and there were a wide variety of non-traditional strategies. 
INTRODUCTION 
The National Numeracy Strategy (NNS) has influenced teaching and learning in 
primary schools in England since September 1997. The KS3 Strategy has encouraged 
secondary school teachers in England to adopt an approach to ‘number’ which 
complements this. In both strategies the emphasis is in on ‘teaching for 
understanding’ where mental calculation is a first resort. This is in contrast to the 
previously more common approach of emphasising written algorithms as a 
foundation for calculation. 
The CSMS tests (Hart, 1982 and 1980) and APU surveys (e.g. Foxman, 1981) gave 
indications of facility levels for items but gave little analysis of errors. The purpose of 
the test devised for this study was to help identify common errors and misconceptions 
to inform the teaching in the schools involved and to provide a database of the 
prevalence of mistakes and misconceptions. A total of 879 Y7 pupils were tested 
The results suggest that there are widespread common errors and misconceptions but 
also that the schools varied widely in the distribution of these mistakes. For one 
question the most common error was given by 60% of the pupils varying between 
40% and 80% for the five schools. In many other questions between 20% and 40% of 
pupils gave the common error. 
In a separate study 220 Y7 pupils in a high achieving school were asked to perform 
four calculations on paper (376 + 248, 376 – 248, 46 × 57, 1000 ÷ 7) to identify the 
common strategies that might be prevalent in the post-NNS era. Nearly 80% of the 
pupils used a compact algorithm for addition, 76% for subtraction, 30% for 
multiplication and 39% for division. The accuracy levels were 90%, 72%, 18% and 
27% respectively. Formal and informal methods seemed equally prone to common 
errors but pupils who used algorithms more frequently gave correct answers. There 
were some differences between pupils in different sets (each half-year grouped by 
achievement level) in both accuracy and methods chosen. 
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METHOD 
Five schools were chosen at random for the ‘errors and misconceptions’ test but 
proved not to be a representative sample in that they were collectively above national 
average in terms of KS3 test results and GCSE performance. The schools varied in 
size: (172, 269, 144, 167, 127 pupils involved in test) and achievement levels: 
KS3 level 5 and above   (79%, 75%, 65%, 76%, 80% - overall 75% 
     national  average  67%) 
GCSE A*-C      (62%, 51%, 36%, 55%, 67% - overall 54%     
     national  average  52%) 
Pupils were allowed 20 minutes for the ‘errors and misconceptions’ test consisting of 
27 questions. Answers were recorded for each pupil and proportions of each answer 
calculated. If more than 3% of pupils in any school gave a wrong answer it was 
deemed a potential ‘common’ error. The results reported here are for those answers 
that were given by at least 7% of pupils overall. 
Pupils were allowed unlimited time for the ‘calculation method’ test. Pupils were 
given an alternative activity when they had completed the test so that all could have 
as much time as necessary to complete the calculations. The questions were written 
horizontally. Pupils were asked to write something to show how they had calculated 
if they chose to do it in their head. 
RESULTS – ERRORS AND MISCONCEPTIONS 
Only the most striking results are given here with a brief comment. The total 
percentage for all schools is given with the range across the five schools in brackets 
  Write in figures: four hundred thousand and seventy-three. 
400073  63% (59-70)  40073 14% (11-19)  4073  10% (8-11) 
This compares with 42% correct in the CSMS tests. Notice that in one school nearly 
20% gave 40073. 
  Work out 0.8 + 0.71   
1.51  56% (46-61)  0.79 28% (24-33)     
A wide variation between schools and up to a third of pupils ignored the decimal 
point. 
  Ring the number which has the smallest value: 0.625    0.25   0.375    0.125    0.5 
0.125  46% (39-51)  0.625 28% (22-39) 0.5  16%  (10-22) 
In the APU tests for 15 year olds:  0.125  37%,  0.625  34%    0.5  22% 
Half of the pupils in one school gave the correct answer. ‘Longest is smallest’ and 
choosing the largest where decimals of the same length are sorted, identified in the 
APU surveys (Foxman, 1981), is clearly still a common misconception. 
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  Add one tenth to 2.9. 
3, 3.0 or 3.00  51% (46-55)  3.9 18% (15-22)  29  8% (5-15) 
This again compares favourably with the 38% achieved in the CSMS test. Notice that 
nearly a quarter of the pupils in one school added one. 
  Work out 0.3 x 0.2   
0.06  11% (5-27)  0.6 60% (40-80)  0.5  8% (4-15) 
This question was remarkable for the low facility level and the wide variation 
between schools in the proportion of pupils giving 0.6 as an answer. This ranged 
from 40% of pupils in one school to 80% in another. 
  Round 6.748 to 1 decimal place 
6.7  28% (19-35)  67.48 18 % (10-21)  6.8  10% (7-15) 
Over 20% of pupils in one school seem to have ‘moved the decimal point one place’. 
Rounding successive decimal places was only used by 10% of pupils 
  Ring the one which gives the BIGGER answer in each pair: 
  (a) 8 × 4  or  8 ÷ 4  (b) 8 × 0.4  or  8 ÷ 0.4  (c)  0.8 × 0.4  or  0.8 ÷ 0.4 
× , ÷ , ÷  12% (9-14)  × , × , ×  39% (31-46)  × , ÷ , ×  21% (18-26) 
In the original CSMS test 13% gave the correct answer and 50% assumed 
‘multiplication makes bigger’. Pupils in this sample had a wider variety of errors. 
  Tick all the shapes which have ⅓ shaded. 
  
     (a)          (b)            (c)             (d)            (e)          (f) 
 
ade  21% (17-25)  ace 29% (25-38)  acde  26% (22-29) 
CSMS:                21%                          30%             26% 
Here proportions have remained similar over the last 20 years. The common error is 
to pick those shapes divided into three parts. 
  Zoë and Ahmed have pocket money. Zoë spends ¼ of hers and Ahmed spends ½ of his. 
  Is it possible for Zoë to have spent more than Ahmed? Why do you think this? 
Yes (a)  55% (44-64)  Yes (other) 13% (6-19)  No (d)  21% (18-25) 
55% indicated that the amount of money was important. 21% said No, because ½ is 
bigger than ¼. A total of 27% said No. In the CSMS test 42% gave No. 
  Write down a fraction between 1/2 and 2/3 . 
Correct 20%  (16-27)  1/3 24% (18-31)  1/4  7% (6-7) 
CSMS (age 14)   26%                 27%             10% 
Williams, J. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 23(3) November 2003 
10 
This question also illustrates that misunderstanding in ‘fractions’ has changed little 
but here the comparison is between 12-year-olds now and 14-year olds 20 years ago. 
  How many fractions are there between 1/4 and 1/2 ? 
infinite  6% (4-10)  1 18% (13-24)  2   16% (13-18) 
CSMS (age 15)  16%                 27%            10% 
The school achieving highest here was the lowest scoring school overall. Perhaps this 
concept had featured in teaching more in this school than elsewhere. 
  Write 1/5 as a decimal 
0.2  35% (25-41)  1.5 18% (13-26) 0.5  17%  (14-25) 
A quarter of the pupils in one school replaced the ‘/’ for a ‘.’, and a quarter in another 
school seem to have simply placed the denominator after the decimal point. 
  A piece of ribbon 17 cm long has to be cut into 4 equal pieces. Tick the answer you 
  think is most accurate for the length of each piece:          (a)    4 cm remainder 1 piece  
  (b)    4 cm remainder 1cm    (c)    4¼ cm    (d)  4/17    cm 
(c)  31% (27-35)  (b) 39% (34-43)  (d) or (a)  14% (11-18) 
CSMS       43%                 37%            19% 
Nearly 40% of pupils gave 4 rem 1 as the most accurate now, and in the CSMS test. 
  Work out 1/5 + 3/10 
5/10 or 1/2  27% (14-40)  4/15 44% (28-59)  omitted  15% (9-21) 
A high proportion of pupils added numerators and added denominators, but with wide 
variation between schools. In the CSMS test 19% of pupils did this in a similar 
question. 
  Work out 5 ÷ 13. Give your answer as a fraction 
5/13  8% (5-18)  2/3 10% (8-19)  omitted  37% (27-58) 
Pupils had a wide variety of wrong answers and many chose not to answer. 
 - 8 + -3 = ………. 
-11 40%  (36-48)  -5 30% (26-39)  11  8% (2-10) 
Over a third of pupils in some schools ignored the sign of the numbers in some way. 
 - 8 – -3 = ………. 
-5  45% (42-50)  -11 30% (26-42)  5  5% (2-7) 
In a similar CSMS item 44% gave -5 and 37% one of the other answers. 
RESULTS – CALCULATION METHODS 
The test was administered in only one school. The percentages of pupils giving 
correct answers, and the methods used, were as follows: 
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Question Correct Algorithm  Other  method  No  attempt 
376 + 248  90%  79%  20%  1% 
376 – 248  72%  76%  23%  1% 
46 × 57  18%  30%  64%  6% 
1000 ÷ 7  27%  39%  34%  27% 
It is worth noting that although 96 % of pupils attempted the multiplication 11% gave 
no answer. For division 40% of pupils gave no answer even though they had 
attempted it. 
The percentages of correct answers using the different methods were as follows 
Question Correct  -  Algorithm Correct  -Other 
376 + 248  89%  96% 
376 – 248  81%  44% 
46 × 57  53%  12% 
1000 ÷ 7  69%  24% 
This suggests that pupils are more accurate when using the formal methods. 
Common errors (over 7% of sample) occurred in the multiplication question. The 
most common non-algorithm strategy (26% of the pupils) was to multiply tens by 
tens and units by units. This gave the answer 2042 for 11% of the pupils. The answer 
242 was given by 40 pupils (15% of the sample). Of these 11 used the compact 
vertical algorithm whilst 19 attempting to multiply tens by tens and units by units and 
made an error in place value. 
There was a tendency for low sets to be less accurate but the lowest groups, who had 
concentrated on ‘number’ in lessons, performed as well as the highest groups in 
multiplication. Nearly 60% of pupils in the lowest group in each half year adopted the 
‘grid method’ for multiplication in comparison to 5% of the rest of the pupils.  
For division nearly three quarters of pupils in the two highest sets chose to use the 
compact algorithm whilst a quarter of pupils in the other sets did this. There were no 
common errors – the most frequently occurring wrong answer was 142.6, given by 
4% of pupils 
CONCLUSION 
This set of results gives an indication that pupils are prone to common errors even 
when teachers have adopted KS3 Strategy approaches to calculation. Performance in 
calculations with fractions, decimals and directed numbers was generally better than 
that achieved by pupils 20 years ago but the sample in this study was above national 
average achievement in national tests. Where details of errors made in the CSMS and 
APU tests are available they show similar proportions of pupils making the same 
mistakes then as now. 
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Written calculation has not been a high priority in the school taking part in this study 
and teachers in this school were of the opinion that the low levels of accuracy in 
multiplication and division reflected the low time allocation to this part of the 
curriculum. Since pupils had not practised their written calculation skills (with the 
exception of the lowest two sets) it is interesting to note that addition and subtraction 
were most frequently attempted using a standard written algorithm even though these 
might have been done using informal jottings. In contrast multiplication and division 
were more frequently attempted using informal methods. 
There are implications for the schools who took part in the tests but other teachers 
could try the same items in order to ascertain levels of misunderstanding prevalent in 
their own schools. The questions and their answers provide teachers and pupils with 
opportunities for learning. 
The test and analysis sheet for the ‘errors and misconceptions’ test are available on 
request (chris.bills@uce.ac.uk). 
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LIMITS - A SECONDARY SCHOOL VIEW 
Bob Burn 
University of Exeter (retired) 
This paper starts by examining the central part of the definition of a convergent 
sequence, namely, the use of a pair of inequalities to identify a unique number. This 
use will be called the ‘carpenter’s vice’. The secondary school curriculum (including 
single A level mathematics) is surveyed for those parts in which a limiting process is 
either explicit or implicit. Signs of the ‘carpenter’s vice’ are sought. While the ‘vice’ 
occurs in school mathematics, it is never the centre of attention. This ‘vice’ is not 
part of the mathematical tool-kit of a typical beginning undergraduate. 
THE ‘CARPENTER’S VICE’ 
The standard definition of a sequence (an) converging to a number a is: 
given ε > 0, there exists an N such that n > N implies |an − a| < ε. 
At the heart of this definition is the inequality |an − a| < ε, which, if we avoid the 
modulus notation introduced by Weierstrass in 1859, can be read as 
−ε < an − a < ε. 
To understand the significance of these two inequalities, ask yourself what numbers A 
might satisfy 
−ε < A < ε 
for all positive numbers ε. Can you find one number A? Can you find more than one 
number A? If you cannot find more than one A, think of a reason why there is only 
one such number. 
When you are confident about your answers, ask yourself what numbers A might 
satisfy 
−ε < A − 6 < ε 
for all positive numbers ε. The two inequalities squeeze the number between them 
into a gap of width 2ε. Because 2ε may be arbitrarily small, A = 6 is the only 
possibility, and we refer to this process for identifying  
A = 6 as the ‘carpenter’s vice’. 
The justification of the ‘carpenter’s vice’ appears as Lemma 1 in Newton’s Principia 
(1687). 
Quantities, and the ratio of quantities, which in any finite time converge continually to 
equality, and before the end of that time approach nearer to each other than by any given 
difference, become ultimately equal. 
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If you deny it, suppose them to be ultimately unequal, and let D be their ultimate 
difference. Therefore they cannot approach nearer to equality than by that given 
difference D; which is contrary to the supposition. 
We now search of signs of the ‘carpenter’s vice’ in school. 
Limiting processes in the curriculum 11 - 16 
1. Recurring decimals.  The first place where a convergent sequence is implicit in the 
mathematical curriculum is that of recurring decimals. The result 1/3 = 0.333... may 
appear on a calculator or from the repeated division 
         0. 3 3 3 3 .. ..    
        3 1. 0 
10 
10 
10 .. ..    
The changing significance of the remainders is not noted. The result is treated as a 
complete number, and checked by working out 10x − x.  
The sequence   n
digits n 10 3
3 .. 333 0
3
1 1
.
⋅
− = 3 2 1  is not explored. 
2. Area of a circle. The second place where convergence may be detected in the 
school curriculum is in justifying the product    
area of a circle = (radius) × (½ circumference). 
The circle is dissected into an even number of congruent sectors which are fitted 
together to make a figure roughly resembling a parallelogram. As the number of 
sectors increases, the figure tends to a rectangle. It is an unusual example of 
convergence in that the area being examined remains constant throughout. The 
average height of the figure is greater than the radius; the average width is less than 
half the circumference. The limit is not examined numerically or with geometric 
inequalities. 
3. π  The third place where convergence is implicit is in obtaining the value of π. 
Pragmatic measurements may be made of the circumference of a circle using a thread 
which is wound around a cotton reel or by rolling a trundle wheel. Pragmatic 
measurements of area made be made by drawing a circle with a pair of compasses on 
squared paper. Precise bounds on the circumference may be made by claiming the 
circumference of a circle lies between that of an inscribed regular hexagon and a 
circumscribed square. This gives 6r < 2πr < 8r. Precise bounds on the area of a circle 
may be made by claiming that the area of a circle lies between that of an inscribed 
regular dodecagon and a circumscribed square. This gives 3r
2 < πr
2 < 4r
2. There is an 
incipient ‘carpenter’s vice’, but it is left wide open! Archimedes’ bounds of (3 10
71)r
2 < 
πr
2 < (3 1
7)r
2 are much tighter. 
4. Volume of pyramid and cone Pragmatic measurements may be made with sand in a 
paper cone or water in a plastic pyramid. Precise calculation of these volumes is not 
attempted before calculus is available. A precise calculation can be made without 
calculus, using a ‘carpenter’s vice’, when the formula for  r
r
n 2
1 = ∑  is available. 
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Limiting processes in the curriculum 16 -18 (single A level) 
5. Sum of a geometric progression. After calculating the finite sum 
a + ar + ar
2 + ... + ar
n − 1 = Sn = a⋅1
1
−
−
r
r
n
 
the case r = ½ is examined and then the texts claim that for |r| < 1, r
n → 0,  without 
further justification. This is the basis for deducing that for |r| < 1,  
a + ar + ar
2 + ...  =  a
r 1−
. 
Although it is possible to justify this with a ‘carpenter’s vice’, this is not done in 
school texts. In at least one course (AEB), the result is applied to the finding of 
rational equivalents to recurring decimals. 
6. Differential coefficient Almost every course gives the argument: 
y = x
2 
y + δy = (x + δx)
2 
δy = 2x⋅δx + (δx)
2 
δ
δ
y
x
=2x + δx 
dy
dx
y
x x
=
→
lim
δ
δ
δ 0
= 2x 
Although it is possible to express this argument using a ‘carpenter’s vice’, this is not 
done in school texts and, as it stands, the argument is vulnerable to Bishop Berkeley’s 
famous criticism. 
Exactly the same (Bishop Berkeley) criticism may be made of 
12 30 12 lim 30 12 lim = + = +
⎟
⎠
⎞
⎜
⎝
⎛
∞ → ∞ → n n
n
n n  
where the algebra is performed for legitimate numbers, n, and then an illegitimate 
“number” is substituted for n. Again it is possible to justify such results with a 
‘carpenter’s vice’. This is not done in school texts. 
7. Fundamental theorem of calculus In most courses, a monotonic function is 
presumed, and a ‘vice’ y⋅δx < δA < (y + δy)⋅δx is constructed which gives y < δ
δ
A
x
< y 
+ δy. With continuity, dA
dx
= y follows. The argument is forgotten as the classroom 
emphasis shifts to anti-differentiation. 
8. Repeated bisection. Approximation to a root of f(x) = 0 is made by locating a and b 
such that f(a) < 0 and f(b) > 0. The value of f(½(a + b)) is calculated and the process 
repeated on either [a, ½(a + b)] or [½(a + b), b], whichever interval has the change of 
sign. This is an excellent example of a ‘vice’, originating with Bolzano (1817), which 
has significant applications in more advanced work. However, the process is slower 
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than either of the approximations 9 and 10, below, so it is mentioned and then 
ignored in school. 
9. Fixed point iteration When the equation f(x) = 0 is rewritten in the form x = g(x), 
and the sequences xn + 1 = g(xn) investigated, a convergent sequence tends to a 
solution of f(x) = 0 provided g is continuous. Different choices of x1 may lead to both 
convergent and divergent sequences and to convergent sequences with different 
limits. The distinction between these cases is illustrated graphically.  
When 0 ≤ g’(x) < 1, convergence occurs with a ‘staircase’. 
When −1 < g’(x) < 0, convergence occurs with a ‘web’, and in such a case 
convergence is not monotonic. A rigorous proof requires the Mean Value Theorem. 
Only one course (MEI) attempts an algebraic justification and this is done without an 
effective ‘vice’. 
10. Newton-Raphson Sequences constructed with xn + 1 = xn − 
fx
fx
n
n
()
'( )
 converge to a  
root of f(x) = 0, provided f’(x) ≠ 0. The convergence is typically justified with a 
graphical illustration of f with a tangent. One course [Sadler and Thorning] offer an 
algebraic justification without a ‘vice’. A rigorous justification can be made if this is 
treated as a special case of fixed point iteration. 
CONCLUSIONS 
In school courses, a ‘vice’ is always explicit in example 8 above and usually in 
example 7. In neither case does the ‘vice’ remain the focus of attention. An open 
‘vice’ is indicated in example 3. Where a ‘vice’ occurs in school it is treated as 
obviously effective. Students in school do not become proficient in constructing 
‘vices’. The ‘vice’ is not developed as a proof-technique in school, which is what it 
becomes in undergraduate analysis. 
Research on convergence has generally focused on student intuitions about 
sequences, or upon the finished product of the limit definition. One of the general 
findings is that students expect convergent sequences to be monotonic. This is 
contradicted in the case of geometric progressions (example 5) when the common 
ratio is negative, and in the case of fixed point iteration (example 9) with g’(x) < 0. 
My belief is that if pedagogical progress is to be made in lessening the 
‘epistemological obstacle’ of the limit definition, the route will be through 
experiences of the ‘vice’ in proofs. 
A level courses scrutinised 
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JUST A BIT THICK - OR IS THERE MORE TO IT?   
Harry Grainger 
University of East Anglia 
Whilst research giving voice to student perspectives on Mathematics is fairly 
widespread and, in conjunction with this, much research has focussed on student 
difficulties in the learning of Mathematics, very little if any research has asked the 
average student who "just failed" for their perspective.  The work described in this 
paper details a small project aimed at gaining insight into some of the student 
perspectives and issues associated with failure to gain a grade C in GCSE. 
Mathematics. The national average grade at GCSE is a D (in the maintained non-
selective sector.) 
INTRODUCTION 
Although research on student attitudes and learning in secondary Mathematics is 
widespread and comprehensive, see for example (Nardi and Steward, 2001) (Boaler, 
1998) (Pollard and Triggs, 2000), this research has concentrated on pre-sixteen pre-
GCSE students or on students taking A level mathematics. However at a national 
level English maintained secondary schools are concerned with raising the GCSE 
pass rate and in particular the percentage of students achieving a grade A-C in 
Mathematics. Given that approximately twenty percent of those sitting the 
examination achieve a grade D it seems logical to ask some of these students what 
they felt were the major issues that hindered them in achieving a grade C.  
Data on Mathematics was collected from fifty-one students attending a college of 
further education (aged sixteen to eighteen) who were retaking GCSE mathematics 
for the first time, generally alongside A level studies in subjects other than 
Mathematics or Science. The data on school level issues was collected through semi-
structured small group interviews and a questionnaire administered during lesson 
time, with follow up interviews to clarify ambiguities. The students were also asked 
to assess the difficulty of questions in a GCSE Mathematics paper on a Likert- scale 
and to elaborate, verbally or in writing, why they graded certain questions as 'hard or 
too hard'. Again this was supported with small group or individual interviews to 
allow for elaboration and clarification. 
STUDENT VIEWS AND INSIGHTS 
A small group of students were interviewed to identify some of the school level 
issues that they felt were important to their Mathematics performance; these are 
shown in table one. Overwhelmingly the student response focused on the ' Teacher ' 
stating directly that the teacher was bad, or had changed during the period of the 
GCSE course. Feeling that a lack of help and lack of time to develop understanding 
were also significant factors. 
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Table 1: School issues affecting peformance 
Change 
teacher  
Other pupil 
behavior 
time Dyslexic 
issues 
Early school 
experiences 
lack of help or  
bad teaching 
Self 
inflicted 
9girls 
7boys 
4girls 
8boys 
11girls-
7boys 
3girls-
3boys 
1girl- 
3boys 
10girls – 
7boys 
1girl- 
5boys 
Although only a small sample was interviewed, the feelings expressed clearly echo 
the findings of Boaler (ibid.), and, given that the students in this sample all come 
from different secondary schools, seem to be saying something about the curriculum 
offer or school priority for this category of student. 
QUESTION LEVEL RESPONSES  
All fifty-one students were asked to assess all twenty-seven questions on an 
Intermediate level non-calculator paper from the June 2003 exam series. The 
responses are given in table 2 below. 
Unsurprisingly topics traditionally associated with the higher tier papers or with 
students that are expected to achieve at least a C, appear as 'hard' or too 'hard' (e.g.: 
questions 18, 21 23 and 27). However what is interesting about these questions is that 
when some of the students were helped through them, a common response, one which 
is familiar to classroom practitioners, was "oh! is that what they want?" This I would 
suggest echoes the work of Cooper (1998) or more recently Boaler (2003) on the 
issue of Mathematics in context or more significantly - whose context?     
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Table 2 
Student response 
question.no easy 0k tricky  hard too    hard Topic    
1  26  19  0  6  0  Algebra simp. And expand 
2 15  19  8  7  2  No.pat.  And  form.   
3 36  15  0  0  0  Numberline  fract.dec.-venos 
4 38  13  0  0  0  Twowayentry   
5 17  18  16  0  0  Fract.size    
6 14  22  14  1  0  Freq.table  mean   
7  9  32  7  2  1  Rotate/ scale factor   
8  5  13  29  4  0  Alg. Constr.    
9  10  14  22  5  0  Fract add/. Subtract   
10 20  16  11  4  0  Int.ext  angles   
11 10  8  23  4  6  Operation/  squaring   
12  4  22  20  2  3  Plan elevation drawing. 
13 17  8  19  7  0  Time  dist.graph   
14 7  8  33  3  0  Place  value  
15 5  25  17  4  0  Comp.interest   
16 6  14  13  16  2  Solve    
17 17  22  5  4  3  Seq.  And  algebra   
18  0  5 23  14 9  Inequality  and  graph   
19 22  14  10  2  3  Transforma.   
20 8  13  22  8  0  Loci    
21 0  22  14  5  10  Dimensions  
22 20  22  5  4  0  Questionnaire   
23 0  16  22  6  7  Stand.form   
24 0  14  25  7  5  Powers/indices   
25 0  16  20  12  3  Angle  theorem   
26  0  7 19  23 2  Statistics    
27 0  14  14  20  3  (a+b)squ.    
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Some questions, however which were graded as manageable, e.g.: question 15, on 
probing proved to be equally as difficult but for different reasons. For this question 
although the simple image of the car (see below) of the question was familiar to the 
student, at the same time it seemed to distract from a careful analysis of the question 
being asked and led to incomplete and or wrong solutions being generated. 
Q 15 
           --The question Text would go here----------------- 
         ------------------------- 
Similarly, responses to other questions, which related to long-standing topics, for 
example, the addition and subtraction of fractions or rotation of triangles (questions 9 
and 19) were positive. But in this case the very familiarity of the questions seemed to 
be a hindrance to careful analysis. 
Discussion around this with the students suggested that they had been asked to do 
"hundreds of these types of question" and by implication if they did enough they 
would understand them. It seemed not only did their teachers believe this but that the 
students had assimilated this idea as well.     
Another small group were subsequently interviewed in an attempt to further explore 
some of their feelings towards one of the question papers that they had sat the 
previous summer. The responses are detailed below in table 3. The questions and 
response categories were not predetermined as in the questionnaire but were drawn 
from discussion, which this time allowed the categories ' not taught well' and ' not 
taught ' to emerge, possibly in place of 'hard or too hard' in Table 2. 
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Table 3 
Quest. don’t  underst.    not taught well    no calc.?    not taught  
1 1    2          
2 1    2          
11             1    
12                  
13 1           1    
14 4               5 
15             3    
16 2     1     1    
17                  
18 2     4         6 
19                 2 
20                  
21 1     2         9 
22                  
23 1     7          
24             3    
25 2     6         1 
26       8          
27 4     2         6 
 
Again the preponderance is of the form "not taught well " which included "going too 
fast" or "not taught", particularly for the higher numbers or "harder" questions. An 
interesting inclusion is the "no calculator" category, despite the fact that this was a 
non-calculator paper. In this case some students were genuinely aggrieved that 
questions they felt were accessible, were denied to them through what they perceive 
as unnecessary bureaucracy. 
SOME FINDINGS AND ISSUES 
So what has all this shown us except the blindingly obvious that grade D students 
find GCSE Mathematics papers difficult? Well, tentatively I would suggest it also 
flags up again that success at GCSE for border-line students is highly dependent on a 
complex interaction between school organisation, the mechanics of the delivery of 
the curriculum, and the contextual demands of the exam paper itself. 
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For most of the students in this survey the 'teacher' was a major issue. Obviously 
schools are under pressure to deliver exam performance for both external audience 
and internal progress into A level, and at this point have to allocate scarce resources 
(good teachers) as they see best. Unfortunately this might be at the expense of the 
student group that could ultimately provide the key to substantially improving the 
overall pass-rate in Mathematics.  
A second key issue for the students were topics they perceived as  "not taught well" 
which often was the coded response for "time". However whilst teachers are under 
enormous pressure to deliver a syllabus including coursework across two short 
academic years, it may be that in the long run allowing more time for students to 
develop their understanding, and working for understanding rather than 'getting 
through the syllabus' is more productive. Lastly the contextual problems encountered 
by these students and the problems associated with questions seemingly becoming 
too familiar might be helped if the pedagogic focus was shifted. I.e.: to shift the focus 
away from content towards understanding; individual or small group work focussing 
on conceptual issues was what the students felt they needed, rather than just more 
practice 
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TRANSFORMATION OF FUNCTIONS: LEARNING PROCESSES 
Athina-Maria Katalifou 
School of Education, University of East Anglia 
The topic ‘transformation of functions’ is commonly introduced, at least in the 
context of secondary Greek education where the study reported here is being 
conducted, in terms of the effects that the changes of parameters of functions have on 
their graphs. However, in my experience as a teacher, students, even at the later 
stage of upper secondary and further education, have substantial difficulties with the 
subject, especially in the lab courses. The focus of this paper is on students’ 
construction of meanings concerning the structure of mathematical concepts, such as 
invariancy, while working in an IT-based environment of multiple representations. 
Two groups of students, engaged with a mathematical activity concerning the concept 
of transformation of functions and using a newly introduced piece of software were 
interviewed. Qualitative analysis of the interviews is currently in progress. The 
research reported here is part of a larger doctoral study. 
THEORETICAL FRAMEWORK 
Most research studies concerning the transformation of functions – mapping from R² 
into R² - offer variations of the standard school approach to the subject. Belonging to 
this category are the studies of Dreyfus and Eisenberg (1987), Guttenberger (1991) 
which discuss the altering of coefficients in a computer environment. These authors 
suggest a longer and more systematic establishment of connection between 
representations. A new approach to teaching transformations, by creating families of 
transformations, is offered by Borba and Confrey (1992). In his PhD Borba proposes 
a teaching experiment in which it is possible to knowledge constructed in different 
representations. 
Conceptual development, as well as that of mathematical thought, is an interplay 
between concrete and abstract, between grounded activity and ‘systematic inquiry’ 
(Confrey 1993). The difficulties students face regarding the concept of the function, 
and transformation, seem to have their roots in the transition from the procedural (the 
notion is viewed as a process such as assigning values) to the structural conception 
(object on which operations may be performed) (Sfard 1991). Technology can be 
used to assist either or both of these aspects.  
The present study was designed to examine, through a computer-based pedagogy, the 
potential of the computer to structure new concepts such as invariancy – points 
mapped onto themselves - and function of functions, as well as to bridge the gap 
between operational and structural conception. It aims to support the idea that the 
computer, as a tool, can contribute to understanding through assisting the dialogue 
between grounded activity and ‘systematic inquiry’ as well as through supporting the 
students in finding ways to develop structural conceptions (Kieran 1992). 
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METHODOLOGY  
The research activity presented here was conducted as a pilot to the main study of my 
ongoing PhD. It is located within Action Research, ‘an approach to improving 
education by changing it and learning from the consequences of change’ as I was 
given the opportunity to introduce the teaching of Mathematics in a computer lab 
environment.  The present research activity is ‘a close examination of the effects of 
such an intervention’ (Cohen and Manion 1994). 
The setting 
The institute where the research was conducted, is the newly founded, Higher School 
of Pedagogic and Technological Education (ASPETE) which is actually the only one 
operating in Greece. It offers a four year course and its graduates are given the 
opportunity to teach subjects of technological orientation in Technical Secondary 
Education (TEE). Technological subjects with two semesters of Mathematics cover 
70% of the curriculum while pedagogic subjects cover the remaining 30%. As Head 
of the Department of General Subjects I introduced the teaching of Mathematics in a 
computer lab environment, for the second semester with mandatory participation as a 
prerequisite. Since during the month of October exams were in progress and the 
computer lab was not available, the present research was conducted in my office. 
The sample 
Four volunteer students, two female and two male, from the Electrical Department, 
who had successfully completed the second semester, formed two teams for the 
purpose of the present study. Their selection was based on their computer literacy and 
mathematical performance. The criteria used were: their grades in Laboratories of 
Mathematics and Information Technology, their Mathematics grades in the National 
Entry Exams and their performance in Mathematics during the two semesters at the 
school. The students were placed in two teams, ‘good’ and ‘average’.  
The tool 
The exploratory software was Function Probe, a multirepresentational software for 
exploring functions. It sustains the dialectic between grounded activity, for example 
direct act on transformations, and systematic inquiry that ‘stabilizes-extends the 
mathematics use’, for example calculator or table (Confrey 1993). 
The activity   
The research activity lasted four hours for the ‘good’ team and six hours for the 
‘average’ team. It involved the Wheel in an amusement park, its cyclical movement 
and the distance of the passengers from their various positions to the platform. So that 
the students gain personal experience of the subject, I suggested visiting the 
amusement park near by, but the girls were frightened and the boys had already been 
there. Although the pre-test and post-test, focusing on the function and some of its 
transformations, were given to detect previous knowledge and possible changes, the 
time period allocated to the research activity was rather limited to observe alteration 
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in perceptions. Both teams spent four hours training by studying a specific activity as 
well as exercises on function transformations. 
Data collection and analysis method 
The data were collected as follows: recording of the conversation in three cassette 
recorders, diary keeping with notes on my part, computer print outs of student work, 
saving files on disc, students’ worksheets, personal semi-structured interviews (life 
story) of students (Goodson and Sikes 2001), meta-analysis (a discussion of the 
concept and the experience with the students). 
After each session summaries and verbatim transcript were constructed with support 
from the materials mentioned above. Following a phenomenographic approach 
(Marton 1993) I attempted formulating categories that described the students’ 
conceptions. 
The data were looked at in terms of the following three phases: prior, during and after 
the activity. 
RESULTS 
The instances that will be discussed below are taken from the discussion that took 
place after the activity during the meta-analysis.  
At the beginning of this session the question posed to the students concerned the title 
of the lesson. 
(R=Researcher / good team: D=Dimitra, J=John / average team: C=Christina, 
L=Lysimahos)  
R:   What would you write on the table? 
L:   A function. 
R: Function? 
L:   Equation. 
R:   Equation? 
L:   An equation, function. 
Lysimahos immediately replies that the title of the lesson would be a ‘function’. My 
question however makes him reconsider and give an additional different answer 
‘equation’. My second question seems to prompt him towards including both.   
It is quite possible that what Lysimahos had in mind is that function and equation, 
which he had been taught at lower levels in school, are identical concepts. According 
to the literature on students’ concept images of function (Tall 1992) this is a common 
occurrence often attributed to the way the concept is taught.  
The next instance refers to how the students perceived the mathematical content of 
the activity and the suggested title. 
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D:   What can I say now. Function is not …The first questions are not questions. 
No connection to function. The function begins from the moment you get it 
out and then start doing what we call transformations. 
R:   From which question and on did you say? 
D:   From the point that we get it out. 
R:   Which question is that?  
D:   From the point that the function is altered and on, that is question 4 and on. 
R:   So what you are saying is that from 4 and on it is a function. 
D:   Yes! In the beginning it’s … nothing . It’s nothing. It is simply the rule of 
three, a very simple thing. 
On the occasion of the title for the activity Dimitra clarifies how she personally 
understands the function. She defines that ‘ it starts from the moment you get it out 
and then start making what we call the transformations’. What she possibly means by 
‘get it out’ is that we ‘construct the equation’ and that the function involves 
‘transformations’. Then she matches the questions of the activity to the mathematical 
concepts: the first three (construction of function-table and -graph) are rule of three, 
and from the fourth and on the function ‘starts’. At this point Dimitra does not seem 
to consider this process as a function since it is something so ‘simple’. Just ‘doing’ is 
to her ‘nothing’. On the contrary question number 4 (writing-graphing the equation of 
the height from the platform and checking it with the graph-table values), which 
requires typing of the equation of the function, is fundamental to her.  
What I observe here is that Dimitra’s prevailing perception of function is the 
algebraic equation as an object and not the mathematical manipulation, the process  
within the ‘rule of three’. In the discussions conducted during the activity the students 
revealed how influential their primary and secondary school experiences of the 
concept had been on their current images. Specifically the image of the equation, 
taught at the end of primary education (6-12 years of age), after the arithmetic 
operations, is supplemented with the function at the beginning of Gymnasium (12-15 
years of age). So the algebraic equation is one of the representations that carries 
special weight in the school environment. 
The next instance refers to question function of functions (change of graph-table-
function while altering the speed of the wheel, the diameter etc). The question was 
exploratory: how would you teach this topic? 
J:   I believe as a title, something like that, transformations, basically, function 
transformations, now for the specific exercise it’s best transformations-graph, 
that is, the form we did to the Function and saw when it went ------ and when 
----- when it ---- forward-backward, transformation is that of the graph. 
And  
C:   We have a table, we have its graph and we also have an equation, the 
equation  resulting from the two and then we make some changes… 
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L:   That the exercise suggests here. 
C:   To the height, the speed and whatever it says … and to the diameter and see 
the changes in some that already exist on the table, the graph, the equation. 
John and Christina describe their perceptions of the exercise. Both students see only 
one function and the changes this goes through. They cannot yet see that one can 
create new functions through transforming an initial function, for example through a 
translation – e.g. via altering the height of the Wheel from the ground.  
Lastly regarding phase III the concept of transformation as function of functions was 
approached only as a ‘process’. 
Finally I refer below to some instances from the discussion of the question about 
invariancy (installation of extra wheels with the same diameter, and meeting point at 
t=2sec at the same height from the platform). In these a student’s perceptions of the 
invariable point of transformation are revealed. 
D:   At first it was zero (the anchor) and as we were moving it (the hand) the 
graph…  Then, when we took the anchor and moved where we wanted in 2 
started to move around 2. 
And 
D:   when you read it, the picture that comes to your mind is this: it’s where the 
three wheels meet at the same point and its like them moving together, but 
than one will move on, the other will stay, more behind.  
Dimitra, the top student who since the first year of the Lyceum (15-18 years of age) 
enjoyed working on mathematical problems and who had never been taught the 
transformations and invariancy, describes to the other three students what happened 
when she moved the ‘anchor’ (part of the Function Probe software used in the 
activity) to point t=2 and what image the instructions of this exercise  created in her 
mind. According to her description point t=2 is a meeting point. Prior and after that 
each of the functions has its own ‘course’. 
These instances describe very distinctively the concept of invariancy: immobility in 
mobility.  
As far as phase II is concerned, in my view the fact that out of four students one 
managed intuitively to ‘see’ the invariable point and combine in one image the static 
and dynamic nature of the concept of transformation, is quite encouraging. 
CONCLUSION 
The above initial analysis of the data of this brief study seems to support the 
following: 
a)  the strong relationship between the variety of students' concept images and the 
concept definition (as described by previous studies such as Tall (1992) 
b)  a probable contribution of the computer, as a tool, in forming a path to 
understand the new concept of invariancy (Confrey 1993)   
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c)  the bibliography on students' perceiving the newly introduced concept function 
of functions operationally (Sfard 1991) 
As this pilot study was small in scale (in terms of time devoted to the activity and in 
terms of the number of students involved), further phases of the research will 
examine the validity and potential refinement of these findings. Particular attention 
will be given in terms of length and numbers of student involvement, a more 
thorough linking between the enactive and symbolic aspects of the students' 
understanding of functions, the diversity of activities to be looked at in different 
settings and the more detailed character of the clinical observations. 
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INTERPRETATION OF GRAPHS: READING THROUGH THE 
DATA 
Carlos Monteiro and Janet Ainley 
Institute of Education – University of Warwick 
Several studies investigated the interpretation of graphs as pedagogical issue. The 
studies of Curcio (e.g. Curcio, 1987) presented three levels of students’ responses: 
reading the data, reading between the data and reading beyond the data. Watson’s 
(e.g. 1997) studies suggest a hierarchical schema of classification of interpretation 
based on three tiers. We presented the idea of Critical Sense in graphing as a skill to 
analyse data and its interrelations rather than simply accepting the initial impression 
given by the graph. This paper discusses about convergent and divergent aspects 
among the authors referred above.
1 
INTRODUCTION  
This paper presents three different perspectives which approach the interpretation of 
graphs. We will describe some elements of each perspective and build conclusions 
that support better understanding of critical sense as a fundamental idea of the graph 
interpretation process. 
CURCIO’S PERSPECTIVE  
Curcio (1987) applied to graphing the “Schema theory of understanding general 
discourse”. According to this perspective the graph might be viewed as a type of text 
in which the effect of prior knowledge about topic, mathematical content, and 
graphical form, might influence the ability to comprehend the mathematical 
relationships expressed in graphs.  
 
Figure 1: graph reprinted from Friel, Bright and Curcio (1997) 
Although every graph has four structural components (i.e. framework, specifiers, 
labels and background), each kind of graph also has its own “language” associated 
                                                           
1 This research is supported by CNPq – Conselho Nacional do Desenvolvimento Científico e Tecnológico 
(Brazil). 
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with these structural components; readers use this “language” to discuss the data 
displayed. Therefore, the reader’s interpretations of a graph might provide evidence 
of their knowledge of the graph’s structure (Friel, Curcio, and Bright, 2001). An 
example of assessment task from their research is given above (Figure 1). 
According to the authors, teachers need to think about the questions that they ask and 
how these questions may focus students’ attention on the information pictured by a 
graph (Friel, Bright and Curcio, 1997). Three types of questions related to 
components of graph comprehension comprise the classical Curcio schema:    
Reading the data: “Lifting” information to answer explicit questions for which the 
obvious answer is right there in the graph (e.g. What is the fewest number of raisins 
found in any box?)  
Reading between the data: Interpolating and finding relationships in the data presented in 
a graph (e.g. Are there the same number of raisins in each box? How can you tell?).  
Reading beyond the data: Extrapolating, predicting, or inferring from the representation 
to answer implicit questions (e.g. If the students opened one more box of raisins, how 
many raisins might they expect to find? Why do you think this?). 
WATSON’S PERSPECTIVE  
According to Watson (1997), statistical thinking needs to be assessed as it occurs in 
social settings outside the classroom. She suggests that unusual and misleading 
graphs, which occur in print media, might be excellent examples to motivate and 
challenge students (Watson and Moritz, in press). 
  Figure 2: graph reprinted from Watson (1997) 
In particular, Watson (1997) suggested a three-tiered hierarchy for assessing 
statistical literacy based on authentic extracts from the media:  
Tier 1: A basic understanding of statistical terminology. 
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Tier 2: An understanding of statistical language and concepts when they are embedded in 
the context of wider social discussion, recognising, interpreting, and using these in 
applied contexts.   
Tier 3: Being able to question unrealistic claims made by the media or others. A 
questioning attitude that can apply more sophisticated concepts to contradict claims made 
without proper statistical foundation.  
According to Watson (2000), teachers might use these tiers to appreciate the 
increasingly complex nature of progression in the students’ statistical thinking. 
Figure 2 (above) is an example of item used in a large survey among students in 
grade 6 and 9 in Tasmania (Watson, 1997). Watson (1997) presented examples of the 
classification for the students’ answers.  
Item a: Explain the meaning of this pie chart: 
Tier 2 – “It tells us what % they have sold.” “It shows who out of the 5 markets who [sic] 
has the most share of the grocery market shares.” 
Item b: Is there anything unusual about this?  
Tier 3 – “The percentages add up to 128.5; they should equal 100!!!” “Where it has 
Other, it says 61.2% and the percentage of that section on the pie is less than 50%.”   
Watson (1997) recognises that “a large-scale impersonal survey” is not the optimum 
method to investigate the statistical understanding involved in the interpretation of 
graphs. Watson & Callingham (2003) observed the “context” seems to be an 
important element which the students’ answers. They detected that higher levels of 
sophistication in thinking are not always related to higher ability. “Rather, students 
appear to be drawing on different ways of conceptualising the question, and thus, in 
some situations, students at the same ability level have two ways of responding to a 
particular question” (p.23).       
CRITICAL SENSE IN INTERPRETATION OF GRAPHS 
We propose the idea of Critical Sense in graphing as a skill to analyse data and its 
interrelations rather than simply accepting the initial impression given by the graph. 
Critical Sense in graphing is not a behaviour, or an element, which can be acquired 
and applied for all situations. Critical Sense seems to be a context-dependent skill. 
Gal (2002) suggests two main kinds of contexts in which the interpretation of graphs 
might be developed: ‘enquiry’ and ‘reading’. In enquiry contexts the people act as 
‘data producers’ and usually have to interpret their own data and report their findings 
(e.g. researchers and statisticians). The reading contexts emerge in everyday 
situations in which people see and interpret graphs. However the learning and 
teaching of graphing activities is developed in school contexts that have particular 
features which make them distinct from the two others cited (Monteiro and Ainley, 
2003). Specifically, we believe that the application of the term “context” on the study 
of critical sense in graphing might be related to the “content” of the pedagogical task 
as well as to the “situation” in which the graph is interpreted.  
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We wish to study Critical Sense in student teachers as a way of helping us, and them, 
think about teaching and learning graphing in ways that will support the development 
of Critical Sense. We have asked student teachers to interpret media graphs which do 
not have noticeable “unusual” features, and which have a certain level of familiarity 
for the readers (i.e. participants’ prior knowledge about topic, mathematical content, 
and graphical form, Curcio, 1987). The figure 3 is a graph used in the interviews.        
 
Figure 3: graphs reprinted from Quality of life in Warwickshire, September 2001, 
pp. 93-94. 
R  “What’s your prediction for death rate and serious injury in 2001?”  
H  In 2001? Right. Hum…Yeah… I would say… eh… It would be… I mean I 
know it is going up… I know it is going up a little bit there. I think it would 
be down again about … says 600. At moment is going up at… Yeah… I 
think it will reduce it…I am not really going by… the graph, the flow of the 
graph… I am just going by a gut feeling more than anything. You’d like to 
think that it’s coming down. 
In this part of the interview, the student begins by looking closely at the graph, 
noticing the upward trend over the last two years, but then responds in terms of her 
feelings about the issue of traffic accidents. The interviewer then encourages her to 
try to specify a prediction. 
R  So do you think it would be some… If you guess some number, some rate?  
H  Yeah, again… I am not… it’s very hard to say because… I’m thinking that 
it’s… I am just thinking of… basically the media coverage on this type of 
thing… And… especially around Christmas time around… there is always a 
focus to control the number of accidents on the road, and I think this 
country… Well, I know this is Warwickshire, but I think this … the 
government does do… does make an effort … and obviously there are 
reductions. So I am basing my information on that, not just what the graph is 
telling me. But obviously going from last… Going from year 2000. And … 
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yeah… hum… 600. I don’t think there will a dramatic decline. But yeah... if 
I would say figure, say 600. 
When asked for a “figure” she gives reasons for the limits of her answer, in terms of 
her knowledge about attempts to improve road safety. She tried to get a balance 
between the information displayed, her “feelings” and the social context in which the 
“figure” might be related. At the ending of her interpretation she gave a reasonable 
conclusion based on the different aspects that were involved in her reading.  
CONCLUSIONS 
We emphasise that traditional pedagogic contexts, where the purposes of the tasks set 
and the activities undertaken in graphing are different from those, which apply to out-
of-school contexts, will be unlikely opportunities for the development of Critical 
Sense. Bringing media graphs into the classroom will not, in itself, create such 
opportunities if the tasks, which are set, remain narrowly focussed pedagogic tasks. 
Cooper and Dunne (2000) have demonstrated the difficulties, which children 
encounter in answering mathematical questions that are set in ‘everyday’ contexts. 
They identify this difficulty as arising from the need to understand how much 
attention should be paid to the contextual content of the task. In pedagogical contexts, 
the ‘correct’ balance of attention between everyday knowledge and the mathematical 
knowledge is likely to be pre-determined by the teacher, and so there is no 
opportunity for pupils to experience the need to make a choice for themselves about 
the balance that is most appropriate for a particular purpose: in other words, to 
develop Critical Sense.  
Our analyses of data collected indicate that is quite difficult to fit the student 
teacher’s responses into hierarchical classifications. These analyses seem to give 
evidence that critical sense might be a skill which enables the readers to balance 
several knowledge aspects involved in the interpretation of a graph. The participants 
read through the data, building an interpretation which combines different kinds of 
previous and emergent knowledge, experiences and feelings, that play am important 
role in their reading of the graph. 
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 ‘PRE-EIGHTEEN STUDENTS HAVE LOST SOMETHING 
MAJOR’: MATHEMATICIANS ON THE IMPACT OF SCHOOL 
MATHEMATICS ON STUDENTS’ SKILLS, PERCEPTIONS AND 
ATTITUDES 
Elena Nardi, Paola Iannone and Mark J. Cooker 
University of East Anglia 
It is not surprising to hear and read mathematicians’ consternation about the form 
and content of school mathematics. The high dropout rate at the AS phase (age 17) of 
A’level mathematics, seems to support the argument that we need to rethink school 
mathematics. In doing so mathematicians’ views may merit more notice. We 
conducted a series of themed Focus Group interviews with mathematicians from six 
UK universities. Pre-distributed samples of mathematical problems, typical written 
student responses, observation protocols, interview transcripts and outlines of 
relevant bibliography were used to trigger an exploration of pedagogical issues. 
Here we elaborate the theme “On the impact of school mathematics on students’ 
skills, perceptions and attitudes” that emerged from the data analysis. 
INTRODUCTION 
International evidence suggests [Wood in (Holton 2001)] that increasingly smaller 
numbers of students undertake university level mathematical studies. Beyond reasons 
such as a problematic relationship between mathematics and society [Thomas in 
(Holton 2001)], attention has recently turned towards the interface between secondary 
and tertiary education; in particular, the often difficult transition from school to 
university mathematics both in terms of content (Schoenfeld 1994) and teaching style 
(Wood ibid.). In England and Wales an emphasis on school mathematics as an 
instrumental activity (Tall 1997) and, specifically, a number of largely market-driven 
changes in the A’level mathematics provision (Hoyles et al 2003) have impressed 
certain images of mathematics on newly arrived university students which often have 
a dramatic impact on their skills, perceptions and attitudes. 
The evidence we present in this paper elaborates upon this issue through drawing on 
the views of university mathematicians whose pedagogical views and practices have 
had to adjust considerably to the rapidly changing needs of their students - as, for 
example, numerous chapters in (Holton 2001) suggest. The four STORIES that follow - 
for an outline of the aims and methodology of the study see ENDNOTE - originate in a 
study currently in progress at the University of East Anglia, UK. Tutors A-E are five 
mathematicians, pure (two analysts, one algebraist) and applied, with experience in 
teaching varying from several years to several decades, all male and of rank varying 
from Lecturer to Reader. 
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Story I: ‘2,500 years of thought crashed in one afternoon’           
(Cycle 1, 5 MINS) 
Following an exploration of students’ responses to a question that required the use of 
Proof by Contradiction, discussion turns to students’ perceptions of the nature of 
mathematics as fostered by their school mathematical experiences. ‘I wonder whether 
the students feel that they should always be calculating and that they are the 
calculations that count’ suggests Tutor B.  Tutor C recalls a student’s disillusionment 
about the fact that this was a mathematical question, not ‘some sort of philosophical 
discussion’. Tutor A adds the example of a teenager family friend who equated pure 
mathematics with statistics, ‘a skewed view of the field’. Tutor E asks whether it is 
possible to leave school without having seen a proof – the group agree it is likely - 
and recalls his ‘Pythagoras’ horror story’, GCSE students proving the theorem by 
counting the number of squares on squared paper: ‘two and a half thousand years of 
thought crashed in one afternoon’, he concludes in despair. Tutor A and Elena concur 
and then outline proofs of Pythagoras’ Theorem which require minimal use of 
language and logic and involve a vivid pictorial representation (e.g. the Indian Proof). 
Tutor E recalls a student’s reaction to the Indian Proof: this proof applies to these 
triangles. But does it apply to all triangles? Elena mentions research on generic 
examples. Tutor C observes that Pythagoras’ theorem is the one that most people 
would associate with the word theorem - perhaps Fermat’s Last too, adds Paola. 
Tutor B laments the demise of Geometry in the school curriculum which, like in the 
case of Pythagoras, provided good opportunities for proving (e.g. the expansion of 
squares). The conversation concludes with speculation about what still remains in the 
school curriculum (e.g. Pascal’s Triangle?) and Tutor C’s observation that the proof 
of Pythagoras’ Theorem is perceived by students not necessarily as a ‘proof of a 
theorem’ but as a ‘demonstration of a rule’.  
STORY II: There remain ‘few doable proofs’, ‘if you have given up on Geometry 
c o m p l e t e l y ’                          
(Cycle 5, 5 MINS) 
Following an exploration of students’ attempts at a Proof by Contradiction that √2 is 
irrational, the discussion turns to whether this could be the only proof the students 
have seen at A’level. If this is the case, wonders Tutor A, then what is the point of 
this unique exposure to proof? ‘If you have given up on Geometry completely’, 
observes Tutor E, ‘naturally’ there remain ‘very few doable proofs’. There is some 
co-ordinate Geometry left, says Tutor B. But it is mostly trigonometry, adds Tutor E. 
Binomial formulae can be proved by Mathematical Induction, suggests Tutor A. 
However only some students arrive at university having done this, responds Tutor B. 
Elena proposes that there is some implicit experience of proving in algebraic 
manipulation, starting from one side of an equality and ending up on the other – 
‘manipulative proof’ as Tutor A labels it. Tutor B observes that students do not see 
that there are sentences implicit in algebraic expressions and that ‘getting them to 
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write down additional words or conditions is hard’. As in STORY I,  the group 
speculate about whether this proof would have been seen at A’level and return to the 
point that, when bereft of all Geometry, all that is possible is the proof implicit in 
algebraic manipulation, e.g. in proving a trigonometric identity. Tutor A then 
contemplates on the rationale underlying the presence of the proof that √2 is irrational 
in the school curriculum: to explore the fundamental issue of the existence of 
irrational numbers (for some mathematical cultures such as the Greeks)? Or, as Tutor 
E suggests, to expose the students to an example of Proof by Contradiction? Tutor B 
points out that students are probably ‘left with the fact’ and do not necessarily 
‘perceive it as an important idea of proof as a notion’. The conversation concludes 
with Elena’s observation that a proof that √2 is irrational would counteract its 
calculator-generated image as a decimal number. According to Tutor D, at least ten 
years ago, students would leave school at ease with the idea that √2 is irrational. 
However, he adds, this is not necessarily the case any longer.  
STORY III: The ‘utilitarian’, ‘Charles Clarke’ approach to education ‘has been 
tested to destruction’*                
(Cycle 5, 11 MINS) 
*at the time of writing Charles Clarke is UK Minister of State for Education 
Following a conversation on students’ understanding of Proof by Mathematical 
Induction (MI), Tutor A points out that its simplicity should imply its presence in 
school mathematics; yet it does not. Tutor E reminisces about his fascination with MI 
in an early school encounter. The group agree with Tutor A that, along with other 
forms of reasoning, consistent student failure at this type of exam question has led to 
a removal first from exams and gradually from the classroom (‘an ornament that is a 
waste of time’ says Tutor E). Is there ‘anywhere else, in any other subject, say in the 
sixth form, where one learns something as powerful as the notion of proof as A-level 
maths was done?’ Tutor B wonders.  ‘If that is gone, then pre-eighteen students have 
lost something major’ he concludes. Tutor A agrees and laments the fact that A’level 
students may ‘have never seen what might be beautiful’. The ‘bizarre’ task to 
introduce things like MI in Year 1 at university implies less content knowledge for 
mathematics graduates, therefore less mathematical confidence for prospective 
mathematics teachers, he continues. The group share anecdotes on the above until 
Elena asks them to consider a hypothetical scenario: how would you argue the case 
for a reinforcement of mathematical reasoning in school mathematics? Tutor E 
responds that an answer would depend on the audience you are addressing: the 
‘utilitarian, Charles Clarke approach’, he explains, ‘has been tested to destruction, 
and no-one is doing mathematics, or engineering or physics or chemistry. So, if the 
initiating of this question comes from someone who is concerned about the fact that 
no one is doing mathematics then there is a reasonable answer. If this comes from 
someone who doesn’t care that no one is doing mathematics then there is no point 
talking to them.’. He then wonders: ‘why not let someone with some scholarly view 
have an input’? Tutor A concurs and points out the need for a ‘cultural change’ where 
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university studies is no longer estimated merely in terms of salary increase for 
graduates. Tutor B recalls his first ‘moving’ mathematical experiences as a teenager 
and Tutor E sums up the task as ‘making mathematics intellectually attractive’. Given 
that only 40% of mathematics teachers hold a mathematics degree – and given that 
‘not all mathematics degrees are the same’ according to Tutor E – richer 
mathematical content would have implications for teacher education, the group 
agrees. Tutor A adds that there is a need to attract better mathematics graduates to the 
profession through better payment and social status as is the case in some other 
countries. Returning to the issue of mathematics as an ‘intellectually attractive’ 
subject, Tutor E suggests ‘it is less attractive because the audience is much tougher’. 
‘We grew up in a time where […] delayed rewards were more acceptable’, he 
explains. The ‘sell’ that it may take ‘ten minutes of thinking before you get that 
reward for something aesthetically pleasing’, he concludes, ‘is becoming ‘harder and 
harder’. Does this apply to mathematics only? Elena asks. Tutor E agrees it does not 
but explains that Mathematics by its nature is a subject that cannot easily 
accommodate these ‘declines in attention span’: ‘it just doesn’t come in this soft, soft 
chain’. Tutor A adds Grammar as a conceptual domain that has suffered similar 
losses in school for similar reasons. Tutor E expresses a wish that the National 
Numeracy Strategy entails a richer school mathematical experience and the 
conversation concludes with Tutor B’s suggestion that a benefit of exchanging 
mathematical ideas in grammatically sound, ‘full sentences’ can imply a student’s 
overall enhanced power of persuasion in speaking and writing.  
STORY IV: ‘If you are aiming for the B/C or C/D threshold you just omit chunks 
of the syllabus’                        
(Cycle 6, 3 MINS) 
Following speculation on students’ previous knowledge in Linear Algebra, Tutor E 
opines that this knowledge consists of mostly instrumental elements. Tutor A, who 
says he recently scrutinised school textbooks, agrees there is little effort in these 
books to ‘try to create … concept images. It is just: you do this and then you do this 
and that’s it’ - with ‘no concern whatsoever’ for a student’s more ‘personalised 
attitude’, he adds. Furthermore Tutor E observes: ‘In the old days a bad teacher or a 
bad student did all the syllabus badly, and had in fact seen all of it’. ‘Whereas 
nowadays’, he adds there is ‘pressure’ from the ‘system’ to  ‘just omit sections of the 
syllabus’. This applies to A’level and at GCSE it is ‘even worse’ especially ‘if you 
are aiming for the B/C or C/D threshold’. This is more significant than thinning the 
syllabus, he claims. Is this an immediate consequence of teaching in sets in primary 
school? Paola asks. But ‘the lower sets in primary school mathematics don’t end up 
doing A’level mathematics’ Tutor E conjectures. He is more concerned about people 
who ‘will come out with an A-level mathematics at grade B with a chunk of the 
syllabus that they never saw’. 
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CONCLUSION 
According to the participants in this study, students arrive at university with a 
perception of mathematical thinking as primarily involving calculation. Their school 
mathematical experiences are seen as significantly responsible for this: textbooks 
foster an instrumental image and parts of the syllabus are often omitted to adjust to 
the perceived ability of weaker students; students rarely, if at all, see a mathematical 
proof (e.g. the irrationality of √2); and, with the demise of Geometry, a domain that 
excels in its capacity for accessible, short proofs, only an implicit experience of 
proving remains, e.g. in the context of Trigonometry and Co-ordinate Geometry, in 
the form of algebraic manipulation where, however, the logic and the overall valuable 
linguistic structures underlying mathematical reasoning are overwhelmed by the act 
of calculation. Simple proving techniques, such as Proof by Mathematical Induction, 
can be used as a demonstration of how intellectually attractive mathematical thinking 
can be. However in a cultural climate that favours instant gratification and where 
university studies are appreciated merely in terms of salary increase for graduates, 
convincing young people of the appeal of mathematics, an activity that has 
sometimes a slower turnover in terms of intellectual and emotional gratification, is a 
particularly difficult task. Failing to do so has resulted in a regrettable depletion in the 
numbers undertaking mathematical studies and opting for the profession of 
mathematics teaching. Improved social recognition as well as better earnings are vital 
if we are to address the now urgent need to attract better mathematics graduates to the 
profession. 
ENDNOTE 
This 15-month, LTSN-funded (http://www.ltsn.ac.uk) study engages groups of 
mathematicians from six institutions in the UK as educational co-researchers 
(Wagner 1997). There were 11 Cycles of data collection, six with five 
mathematicians from the University of East Anglia (Cycles 1-6), where the authors 
work, and five from elsewhere (Cycles 1X-5X). Six Data Sets were produced for 
each of Cycles 1-6 on the themes Formal Mathematical Reasoning I: Students’ 
Perceptions of Proof and Its Necessity; Mathematical Objects I: the Concept of Limit 
Across Mathematical Contexts; Mediating Mathematical Meaning: Symbols and 
Graphs; Mathematical Objects II: the Concept of Function Across Mathematical 
Topics; Formal Mathematical Reasoning II: Students’ Enactment of Proving 
Techniques and Construction of Mathematical Arguments; and, A Meta-Cycle: 
Collaborative Generation of Research Findings in Mathematics Education. The 
Datasets for Cycles 1-5 were also used for Cycles 1X-5X. Each Dataset consisted of: 
a short literature review and bibliography; samples of student data (e.g.: students’ 
written work, interview transcripts, observation protocols) collected in the course of 
the authors’ previous studies (http://www.uea.ac.uk/~m011); and, a short list of 
issues to consider. Participants were asked to study the Dataset in preparation for a 
Focus Group Interview - see Madriz (2001) and Nardi & Iannone (2003) for a 
rationale for using this tool for data collection. Interviews were digitally recorded. 
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The interviews from Cycles 1-6 were fully transcribed (the data from Cycles 1X-5X 
were used as supportive material in the analytical process). Each interview was about 
200 minutes long and generated a Verbatim Transcript of about 30,000 words. In the 
spirit of Data Grounded Theory (Glaser & Strauss 1967) eighty Episodes, self-
contained extracts of the conversation with a particular focus, emerged from a 
preliminary scrutiny of the transcripts and were transformed into Stories. These are 
narrative accounts in which we summarise content, occasionally quoting the 
interviewees verbatim, and highlight conceptual significance. The eighty Stories were 
grouped in terms of the following five Categories: students’ attempts to adopt the 
‘genre speech’ of mathematics (Bakhtin 1986); pedagogical insight: tutors as 
initiators in ‘genre speech’; the impact of school mathematics on students’ skills, 
perceptions and attitudes; one’s own mathematical thinking and the culture of 
professional mathematics; and, the relationship, and its potential, between 
mathematicians and mathematics educators (25, 25, 4, 20 and 6 Stories respectively). 
Here we focus on the third Category.  
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SOME UNDERGRADUATES' EXPERIENCES OF LEARNING 
MATHEMATICS: (HOW) CAN NARRATIVE FORM ENABLE US 
TO CREATE KNOWLEDGE? 
Hilary Povey and Corinne Angier 
Sheffield Hallam University 
One theme of current research about higher education students of mathematics 
concerns those who fail.  At our institution, some of the entrants are students who 
have previously failed in mathematics; others come to us with a comparatively weak 
mathematical background - perhaps through an Access Course, perhaps through a 
Foundation Course, occasionally with only a grade E at Advance Level.  Most of 
these students go on to become confident and effective mathematicians, some even 
achieving first class honours.  We believe that understanding something of their 
perceptions of this experience may contribute to the current debate about who 
succeeds and who fails in higher education mathematics study and why.  This paper 
has two purposes: it begins a discussion about how this success is achieved; it also 
raises questions about methodology. 
INTRODUCTION 
Our interest in researching how previously failing students become successful was 
prompted by recent research into students' experience of undergraduate mathematics 
at a traditional English university (see, for example, Macrae, Brown, Bartholomew 
and Rodd, 2003).  This university was among the elite institutions for mathematics 
with 63% entering with at least a grade A in Advanced Level mathematics.  
Attending a seminar reporting aspects of the research and hearing some of the 
individual tales of failure, we were struck by two things.  First, we could not imagine 
some of these students failing at our institution: so what makes the student experience 
of learning mathematics different?  Second, we were not convinced that a shared 
vocabulary of what it means to teach and to learn mathematics could be assumed 
across the higher education sector in England.  To begin to explore these possible 
contrasts, we asked ourselves: how do we conceptualise our practice as mathematics 
lecturers and, therefore, what ways of understanding themselves as learners of 
mathematics are readily available to our students?  We decided to research these 
questions with a small cohort of our current students where such patterns of a weak 
entry profile followed by success in mathematics were clearly evident. 
CONTEXT OF THE STUDY AND DATA COLLECTION 
The students are following one of the longer routes into secondary mathematics 
teaching.  On their course, they study undergraduate mathematics for two years 
within the context of a Mathematics Education Centre; (this is followed by a 
professional year).  Their mathematical studies comprise the equivalent of three 
quarters of a first year of undergraduate mathematics followed by the equivalent of 
half a second year and half a third year; there almost no options.  (The remainder of 
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their studies relate to the teaching of mathematics and other educational and 
professional concerns.)  In other words, they study mathematics to honours level but 
within a narrower range than would a single honours student.  Many of the students 
come from either non-traditional backgrounds or an experience of previous failure in 
higher education or both.  Many of them become engaged and successful 
mathematicians.   
We interviewed each of the students, sometimes alone and sometimes in pairs.  We 
asked them, for example,  
•  whether or not and in what way(s) they thought their relationship with 
mathematics had changed and developed during their current studies 
•  whether or not they thought they had changed as mathematicians 
•  whether what they thought about mathematics itself had changed. 
We taped and transcribed the interviews and then began working with these texts in a 
familiar way.  We each read and re-read the transcripts, immersing ourselves in the 
data and searching for themes.  Separately, we each derived some themes from the 
data and coded the transcripts accordingly.  Next we met to discuss our themes and 
our coding and to agree on an initial key theme emerging from both of our first 
analyses: we called this theme, after a phrase from one of the participants, '...not 
maths as in school maths, maths as in wondering maths'.  We then re-worked the data 
and ended up with about a dozen quotes which drew from all of the transcripts and 
which addressed this first key theme.   
We believe that useful knowledge will come from this approach (one author with 
greater conviction than the other!) and will pursue this further subsequently.  
However, we both felt that much was lost by cutting up the transcripts and thus losing 
the narrative threads present in the interviews.  We therefore want to experiment here 
with an alternative approach: we present instead a "story" of one of the participants, 
hoping in this way to stay more faithful to the data. 
A STORY ABOUT GEOFF 
This, then, is a story about Geoff: it is the story which we heard Geoff tell.  It draws 
on things that he said in his interview with a fellow student and the two authors.  We 
have tried to balance presenting this data intelligibly with staying close to what Geoff 
said.  We are mindful of the warning of Wendy Hollway and Tony Jefferson that  
the idea that an interviewee can 'tell it like it is' still remains the unchallenged starting-
point for most ... qualitative, interview-based research.  One revealing effect of this is that 
the questions the interviewer asks in order to get responses to 'tell it like it is' are often 
not considered worthy of mention. (2000, p.10)   
We have therefore included as a minimum interventions from others when they 
seemed significant.  We have also attempted to offer Geoff some anonymity by 
changing details that seem to us non-essential in coming to understand this particular 
story about him.  We do not claim that this is Geoff’s story nor that it represents him 
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in any essentialist way.  Rather we hope to present a story from which we can acquire 
knowledge. 
The background 
When he started his current course, Geoff was 32 years old and had spent most of the 
previous decade working as an HGV driver.  His academic profile on entry was as 
follows: 
1986  9 'O' levels including grade B in mathematics 
1987  grade B in additional mathematics 
1988  grade C in mathematics, grade D in physics 
1989  failed 4 modules out of 5 at a Scottish technical university 
1990  failed 2 modules out of 6 at a London polytechnic, average mark overall 39% 
On his current course, his results so far are as follows: 
Level 4   mathematics: 90 credit points, average 77%, (overall 120 credit points 73%) 
Level 5  mathematics: 60 credit points, average 78%, (overall 90 credit points 75%) 
Level 6  mathematics: 60 credit points, average 78%, (overall 70 credit points 76%) 
The story 
The interview began with a prompt for Geoff to consider his vision of mathematics 
and his relationship to it, what he thought and felt about it, and to reflect on whether 
or not it had changed during the first two years of his current course. 
I think it’s changed quite a bit because it is a totally different approach on the last two 
years because I don't know if you know but I started two degree courses.  When I left 
school, I started a maths and physics degree at [a Scottish technical university], failed 
most of it then went to a [London Polytechnic] as it was and did a year and a half there 
and dropped out of that and failed most of that.  They were very lecture based courses, 
big rooms, lots of people, working on your own quite a lot and it was quite difficult and it 
sort of knocked me quite a bit because at A levels I was reasonably good, O levels I was 
very good really and it knocked me.   
So for 10 years out not doing any maths at all and then it was a bit nerve racking coming 
back but it’s a totally different course.  There has not been any big lectures, you can get 
very involved in a fairly small group, there has only been about at the most 14 in our 
group so it's has been a lot better and my confidence has come right back really.  The first 
year [of university], I wanted to do the first year again.  There was an option that I might 
have done the two-year course but I thought I would do the first year again and revisit a 
lot of the stuff.  And that built my confidence quite a bit because I did pretty well in all 
the subjects that I did.  So yeah [my relationship to mathematics] has changed quite a lot.  
I have a lot more confidence in my abilities again. 
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He was asked what he thought had made the difference. 
It’s probably to do with how I learn maths.  I like to be able to bounce things off people, I 
like to, if I find something interesting, it’s nice to be able to find somebody to talk to 
about it, whereas in a big lecture approach you don't, you go to a lecture, you go home, 
you write up the lecture and that’s it really.  So the fact that both in the sessions and 
outside the sessions you can talk to people in a small group, people that you know well 
and that helps me I think. 
[There were seminar groups at the other two universities] but again they were big, you 
know you might have 50 people in there so how can you actually have that relationship 
with a tutor or anybody like that?  If you've got a problem the chances of you actually, 
you being seen about this problem in a seminar group was very, very difficult.  You 
wouldn't get that chance.  I suppose you could have gone to a tutor one to one but [that 
would be] very difficult to organise and if everybody in the group were trying to do that 
then you've no chance.  So you quickly get left behind if there is something that you don't 
understand.  Whereas now I'm somehow, I’m understanding things that just made no 
sense previously. 
[If they had set up groups of 10], it would probably have made a difference but I think the 
key to it was that in a smaller group you can basically stop the lecture or the tutor and say 
"Hang on I don't get this" and chances are that half the group are not going to get it either 
so it’s possible to sort of go back and start again and rework some of the explanations and 
so on which is impossible to do in a large lecture theatre.  Had they set up smaller groups 
then yeah it would have probably worked as well but they were just not going to do that, 
you know, so many people on the course that they weren't going to do it. 
The nature of the course as well ... sort of building up from the bottom, I suppose, and 
seeing progression getting harder rather than just going straight in to the hard stuff.  It’s 
easier to make the links between things and, as I say, talking to other people on the 
course, they’re able to put links in for you and you are able to put links in for them, you 
know, that they might not have noticed … 
I think all, if not, well most if not all the tutors that we have here have all been teachers 
so that makes it a lot easier because their talking from an experience that they've had.  
The experience where people don't understand something and they have to explain it in a 
different way, whereas in a solid degree course like the ones that I started before, this was 
the way you did things and, you know, if you don't understand - how can you not 
understand, you know, I've just told you how to do it, how can you not understand?  I've 
got my work from previous degrees with a big NO written in the margin all over the 
place and you can't be wrong whereas here you can be wrong or you can explore and it’s 
taken as, you know, that’s part and parcel of the whole thing.  I like to explore things.  
Never before have I sat down in my spare time and just started doodling triangles or 
something like that, you know, proving things which have been proved many times 
before but I'm just doing it for my own sake. I've never done that before but I am now … 
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All the things are supposedly proved and are correct mathematically, all came from dead 
ends and so on, you know.  All the great mathematicians made mistakes and said, "Well, 
that didn't work".  You don't see it any more because it’s all been polished up into the 
thing that is correct but there are so many mistakes that are quite valid and certainly 
things come from them sometimes. 
Geoff was prompted to consider if there were differences in the way that the 
mathematics was presented on his current course, whether the tasks set were 
different.  If so, what were the differences and were they good or bad.  
I don't know.  Again it’s a very different course.  The others were predominately exams 
which makes a big difference.  The fact that you are doing coursework and can 
investigate - as we've said it's not about getting the right answer a lot of the time, so that 
the whole work we've been asked to do, it is just so completely different, I can't really 
relate the two at all.  You’re taught, you do an exam and you either pass or fail whereas 
here it’s like “Well now you go and find out something” or you work something out for 
yourself.  We have done a couple of assignments where you start without looking at any 
reference material at all, it’s just your own – you’re given a starting point and go off and 
work it out for yourself sort of thing.  I don't know – it’s just completely different.  I can't 
say a great deal more … An assignment is never really finished. 
Geoff was asked to consider the role of examinations on his current course, 
particularly a level 6 unit in pure mathematics. 
It’s quite bizarre really saying that I don't like exams.  I've only done two on this course 
so far and I did really well in both of them that - having said that, I don't particularly like 
them.  I don't know, I sort of, I got back a little bit into the old style which was get all the 
information in the sessions and then, a week before the exam or a few days before the 
exam, you then think about organising your notes and seeing whether you can actually 
remember any of it.  So it was a bit of a cramming session really.  That’s not to say that I 
didn't pay attention in every other session because I did and I enjoyed a lot of the work 
that we did but it was very much of a “I can put this thing aside until I really need it just 
before the exam” which is not necessarily the best way to do it.  But fortunately for me it 
worked okay and I did okay in the exams.  But no I would prefer to have a coursework or 
assignment set up in that way so you're using the stuff as you're going along.  In sessions 
you are gaining more stuff to put into your assignment to develop it really … 
For that systems and structure [unit], I mean, I admit that I didn't do any extra work, I 
didn't follow it up.  I did far too much work in other units which were less credit but 
that’s because it was coursework, it was an ongoing thing and I kept going back to it and, 
you know, sharpening it up and adding extra bits and so on and - that’s probably what 
happens when it's an exam thing, an exam at the end, you can put things aside and not 
look at them again.  So the coursework keeps you actively involved in the subjects that 
you’re looking at really … 
I think I was very lucky in the exam.  I mean I didn't touch the group theory, I didn't 
touch it at all, I don't think.  I don't think I quite got it sorted it in the sessions.  I missed 
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one session which was quite important.  I did have the notes from somebody else but 
when it’s somebody else’s you don't look at them.  I am one of these people who when I 
take notes in a session I go home and type them up and I suppose that process of typing 
them up, it’s going in.  And I'm probably quite lucky that when I'm doing that I actually 
remember things, so I rely on that, I think, in the exams, that I've just remembered things 
rather than actually revising or possibly rather than understanding them and I can do, I 
can just recall how to do something but that’s not the same thing as what’s done in 
assignments.  Because I understand the things that I am writing down for an assignment, 
all that I am working on for an assignment, because you're actually doing it rather than 
just recall I think. 
Geoff was asked what he expected to be like as a teacher. 
I get really interested by, you know, resources and gadgets and so on.  At home I've got a 
shelf full of Soma cubes and pyramid balls all that sort of thing, I like that sort of thing 
so, yeah, I like practical maths and sort of learning how you can relate those things to 
maths, you can pull the maths out of them and that sort of thing, like pyramids, triangle 
numbers and that sort of business.  So yeah I would like to do that.  I don't want to be a 
text book teacher - I think my only fear is that in some schools in some classes that’s all 
you can do ... that worries me slightly, that that’s where I'll end up.  I don't want to loose 
the enthusiasm for interesting things ... I know it’s going to happen.  I am going to go 
into a class and I'm going to show the pupils something and going to say "Isn't that 
absolutely amazing?" and they’re all going to look at me stony-faced and say "No it's 
really boring".  Because I find it really interesting and not everyone’s going to be like 
that … it’s a thought process … 
SO OUR QUESTION IS ... 
So our question is: does this story reveal truths that we can share?  We have heard 
Geoff's account of himself and can begin to see some of the discursive frameworks 
within which he has been embedded/ has been able to embed himself.  What could 
we claim to know on the basis of Geoff's story?  How is this different from thematic 
analysis?  What has to be done to legitimate the claim to knowledge?  This is work in 
progress and the methodological dilemmas are genuine! 
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WRITTEN ASSESSMENTS: EVIDENCE OF PROFESSIONAL 
LEARNING 
Stephanie Prestage and Pat Perks 
School of Education, University of Birmingham 
Written assignments are an expected part of any pre-service professional training for 
teachers, but do such assignments offer evidence for appropriate professional 
learning? This paper discusses one assignment, a case study of target setting for an 
individual pupil, from one cohort of 37 students on a Post-Graduate Certificate of 
Education course. The analysis of the scripts considers evidence for learner-
knowledge, practical wisdom and professional traditions, and any interactions 
between these from student reflections to identify opportunities for professional 
learning and a developing teacher-knowledge of assessment in mathematics. 
Our Post-Graduate Certificate of Education (PGCE) is the one year professional 
training for teaching mathematics in an 11-18 school following a degree. It is 
assessed on teaching in schools and written assignments. This paper considers how 
one assignment offers ways to develop professional learning. 
Elsewhere we have discussed the transformation of mathematics subject knowledge 
(Prestage and Perks, 2001). We have suggested that is useful to consider how learner-
knowledge (doing mathematics to pass examinations) is transformed through 
professional traditions and practical wisdom. The three aspects mould classroom 
events. But it is only by reflection on the integration of the three that true teacher-
knowledge emerges. 
 
 
 
 
 
 figure  1 
    figure 2 
The model extends itself to assessment. Our pre-service teachers (PSTs) have a sound 
knowledge of assessment in the many contexts they experienced as learners. Most 
would claim that they know how to mark and thus assess. They recognise that this 
has to be honed by practice, (especially for marking quickly). Ass successful products 
of the current system they know the importance of assessment. This is their learner-
knowledge of assessment. Throughout the PGCE the PSTs gain different knowledge 
and understandings of professional traditions. Some are national, like the National 
Tests and the external examination system. Some are local traditions gained from 
particular school settings such as weekly tests or homework marking policies, the 
ways in which national policies are translated in different contexts. Learner-
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knowledge and professional traditions are related together in these first stages to 
create the type of assessment of students’ learning that our PSTs use, figure 1. 
During their placements in schools the PSTs have to mark their students’ work 
according to the information they are 
given. As they work so their practical 
wisdom develops and they begin to 
reflect upon the professional traditions 
to which they are adapting their learner 
knowledge (figure 2). We believe that 
we need to extend this reflection to 
explicit review of the integration of 
these elements, to develop what we 
consider to be teacher-knowledge, the 
triangle extends into the third dimension 
(figure 3).One of the tools we use to 
encourage such reflections are the formal assignments. 
METHOD 
Any theoretical review of practice needs to prove its value to the PGCE. The 
assignment considered here is the fourth of four formal assignments. It asks PSTs to 
gather data during their second teaching placement, 12 weeks in the spring term. 
PSTs have to identify a student by half-term, giving their reasons and an overview of 
the student’s current attainment. They then set targets for the first two weeks of the 
second half of term, review these, set targets for the next two weeks and finally 
review these. Whilst this assignment has come into being as revisions of previous 
versions, it was felt that its value needed to be considered more formally. Although 
we mark, assess and discuss scripts, this happens in a short time frame and tends to 
deal with individuals’ learning (or lack of learning) rather than ways in which the 
assignment serves the group’s professional learning.  
To look at the role of the assignment in depth, all the assignments were photocopied 
after assessment. They were analysed once the students had completed their PGCE so 
that there was no interference with the normal assessment process. The 37 scripts 
were reviewed for the number and types of targets given, styles of assessment and 
highlighted for statements that could be characterised as learner-knowledge, practical 
wisdom and professional traditions as well as evidence of reflection on these.  
THE DATA 
The type of student chosen for the case study necessarily reflects the classes that the 
PSTs were given to teach. The preponderance of lower school students (table1) is to 
be expected. These are the classes where classroom management tends to be less of 
an issue and the PSTs may find these students easier to relate to when setting targets. 
The majority of students came from bottom sets (table 2), but this may be due to the 
constrained choices available. Only six students were stated to have been chosen for 
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behavioural reasons, rather than attainment in mathematics. Two students were 
partially sighted and three were diagnosed as being dyslexic (table 3). 
Year Group      Year Group Particular  attributes 
7  14      Top 7 Dyslexic  3 2 set nk, y7,8 
8  10      Middle  10 Behaviour  4 2 set nk,Y8,Y9  
1 6      Bottom 14   1  Y91top, 
10 4      not  known 6   1  Y8,1bottom 
not known  3  all bottom    37 Visually Impaired  2 set nk, Y7 
  37         
Table 1      Table 2  Table 3 
As our PSTs are expected to work within the traditions of the school context we 
would expect any assessment information to be related to the professional traditions 
of the school as well as reflecting the PSTs’ learner-knowledge. 
ASSESSMENT INFORMATION 
The assessment information included by the PSTs in their descriptions of their case 
study student is given in table 4. A strong category was whether the student was on 
the Special Needs (SEN) Register. This was asked for in the assignment rubric, as in 
previous years PSTs had often only become aware of Individual Educational Plans 
(IEPs) in the last days of their placement. The largest category was the 15 PSTs who 
only included data from their own class tests/homework, evidence of learner-
knowledge rather than the integration of this with professional traditions. 
 
SEN Register 11  2 without IEPs, 1 with class IEP 
KS2 results 3   
Levels 5  One with KS2 and level in Y7 
Other previous assessment information 3   
Supported by positional information 3   
Own tests/homeworks 15   
Supported by positional information 5   
No information 4   
Table 4 
Given that these PSTs are mathematicians, we might expect the learner-knowledge of 
mathematics to influence their records. Yet, in only seven cases was there evidence of 
the PSTs realising the value of information other than raw scores. For example, the 
table of information about five pieces of work set by the PST for ‘Kim’ does give 
some sense of position. 
topic  test(mock GCSE)  Bar Charts/Pictograms  Pie Charts  Mode/median  Mean/Range 
Kim  36%  5 / 10  6 / 10  8 / 10  5 / 10 
Class averages  32%  7 / 10  6 / 10  9 / 10  5 / 10 
Table 5 
Whereas the information for "Jon" (table 6) was accompanied by the statement:  
As can be seen from this table he also tries harder when the work is easier for him and 
gives up easily if he has to work too hard. 
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Most PSTs assume that assessment is something that they will be able to do. In a 
previous assignment on marking, one PST had admitted: “I was marking how I 
remembered being marked when I was a pupil.” The evidence from this assignment 
indicates that many are still favouring their own learner-knowledge.  
SETTING TARGETS 
Although factors such as tracking and time were considered problematic, the 
appropriateness of targets was rarely discussed. The PSTs appeared confident to 
choose targets, perhaps because it was for individuals rather than whole classes. One 
of our expectations was that the PSTs were be more likely to choose behaviour 
targets. The types of targets, however, varied from 14 mathematics targets on the first 
occasion followed by 9 mathematics targets to one behaviour target which was the 
same on both occasions. Seven PSTs gave only behaviour targets on both occasions 
(three the same). Seven PSTs gave only mathematics targets on both occasions (three 
the same). Ten PSTs gave mathematics but no behaviour targets and five gave 
behaviour but no mathematics targets. At this first target setting there are a majority 
of the PSTs who are working on the mathematics. Even amongst those who did not 
there were those who made the reasons for such choice explicit. 
The targets I set MP were not maths specific. I wanted MP to be involved in class 
discussion and have more confidence in her own abilities. 
For the second target setting, over a third of the PSTs (14) remained with the same 
targets. The number was lower but the pattern remained similar. 
In the assignment one of the PSTs quoted this information on targets: 
The most effective targets set by or for pupils are often curriculum specific. These are 
•  associated with a significant but manageable learning objective (eg simplify fractions 
by cancelling all common factors) 
•  discussed with pupils and expressed in a form that they can understand 
•  relatively short-term and subject to regular revision 
•  retained where they are accessible to pupils. (Ofsted 2003) 
Those with large numbers of targets certainly kept them specific. One PST kept the 
mathematics targets specific and wrote them from the point of view of the student. 
•  I can measure and label the sides of a triangle 
•  I can calculate the area of a triangle 
•  I can tell you the formula for the triangular area. 
Homework Effort  Attainment 
Classifying 2D shapes  B  1 
finding angles  C  4 
interpreting graphs  B  2 
pie charts  C  3 
rounding and estimation  B  1 
sequences C  1 
Table 6 
This caused Stephanie to write, "No I 
can't see this from the table … help me 
out a bit …". There is no sense of the 
position of the student relative to others 
and more importantly there is an 
assumption about the nature of the 
interpretation of the data.  
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The assignment itself kept the process relatively short term, but six of the PSTs chose 
to keep the same targets. This may seem more appropriate for behaviour targets than 
the mathematics. In considering the following targets, it does seem that a change of 
mathematics targets might have been suitable after two weeks. 
To correctly order fractions using a common denominator 
To write a decimal as a percentage, particularly recurring decimals 
This was for a year 10 student (set 3/5). The structure of the medium term plans in 
the National Strategy for years 7-9 might act against this repetition, those who did 
keep mathematics targets the same had students in year 10 or year 7 low attainers. 
PROFESSIONAL TRADITIONS 
There are two aspects of professional traditions we consider important, those which 
come from teachers (or those representing them at policy level) and the implications 
for practice which comes from research. There was some evidence of the PSTs using 
the professional traditions from their school. These were, however, in many cases 
unchallenged, e.g a PST described the Y7 being set on the KS2 test results, with an 
average level of 4.5, the chosen student having a level of 3.8, with no comment. Only 
three PSTs wrote about assessment practices, but they tended to consider their effects 
on learning rather than the styles of assessment. 
There was such an emphasis on trying to do SATS style questions from textbooks, … 
that this affects the way in which the learning environment is fostered and developed. 
Number  of  References  0 1 2 3 4 7 8 
Number  of  PSTs  21  5 5 2 2 1 1 
Table 7 
Although the criteria for the assignment did not demand the use of research literature, 
some PSTs did include references (table 7). Two assignments contained a wide range 
of references and there is a stronger sense of reflection from these PSTs. In citing 
Black & Wiliam (1998) on accelerated rates of progress when children set their own 
targets one stated 
Alternatively more positively, motivation could be created by allowing him to set his 
own individual targets. This way more responsibility is on the student and he would be 
aiming to achieve something he felt was meaningful and important. I think this was the 
main contributing reason as to why the target was not achieved. 
Without references to research there is nothing in the task as set that necessarily 
provokes the PSTs to challenge the approaches and thinking that come from their 
learner-knowledge, or those professional traditions they are being asked to use. 
PRACTICAL WISDOM 
Practical wisdom denotes those aspects that come from the PSTs’ practice. This 
aspect has allowed some of the PSTs to begin to challenge aspects of assessment. 
This, we believe, is strengthened by the need to write an assignment. For example: 
“Children like Sonia become stereotyped as a low achiever because of their 
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behaviour”. The activity heightened the awareness of the different needs of learners, 
the interconnection between practical wisdom and professional tradition. For 
example, following a session on visual, auditory and kinaesthetic learners one PST 
wrote:  
I tried to incorporate visual images into explanations to help visual learners, verbal 
explanations, aural questions, games and role-play. However, I feel that I did not 
incorporate enough kinaesthetic teaching methods. 
The influence of practical wisdom on classroom events, teaching styles and lesson 
planning is also evident. One PST commented that his student preferred ‘learning in 
an investigative or spatial way’ so he included flow diagrams as part of the lesson 
explanation. It is also important that the PSTs recognise their own learning: 
Over the first four weeks of the second half of the term I felt that my planning for this 
class improved a lot. The main reason for this improvement was the monitoring of J's 
work as it highlighted the areas needed to worked on (sic) with J. However, the 
monitoring didn't only benefit J, but I felt it was beneficial for all the pupils in the class 
as I had to adapt my plans to accommodate all the attainment levels in the class. 
IN CONCLUSION 
The assignment offers evidence of PSTs reflecting on target setting and the 
professional traditions of assessment in their schools, but this is not supported by the 
use of research evidence which could enhance professional learning. There is a strong 
tendency for the PSTs to stay with their learner-knowledge. Given the many demands 
of the PGCE course this may be expected; it allows them to be confident and to take 
action. There may, however, be ways we could adapt the assignment to encourage 
more challenge and reflection, or build on the assignment in a session. 
For some of the PSTs there is evidence that they are moving up the struts of the 
tetrahedron, integrating their learner-knowledge, practical wisdom and professional 
traditions and building on this by reflections to deeper teacher-knowledge of the 
assessment process in mathematics, further developing their professional learning. 
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PATTERNS OF CHILDREN’S EMOTIONAL RESPONSES  
TO MATHEMATICAL PROBLEM-SOLVING 
David Whitebread and Mei-Shiu Chiu 
Faculty of Education, University of Cambridge 
This study was based upon the responses of 116 Taiwanese primary school children 
aged nine-ten years to a questionnaire concerning their emotional and motivational 
responses to mathematical problems. A cluster analysis revealed four distinct 
patterns of response, which were differentially related to attainment. These patterns 
of emotional response were subsequently investigated further with a smaller sample 
of children using a repertory grid technique and an associated interview. The four 
patterns were found to have differential characteristics and development processes in 
terms of emotional variables and preferred problem types. 
With the trend toward constructivist mathematics, involving the increasing 
introduction of non-routine, open-ended and project-based mathematical problems, 
there is growing concern about students’ emotional responses to mathematical 
problem-solving. In order to explore students’ emotional responses to problem-
solving in mathematics, in-depth interviews and questionnaires were conducted over 
the course of a school year with primary school students and teachers experiencing 
the constructivist mathematics in Taiwan for the first time. The topic of ‘fractions’ in 
the participants’ textbook was chosen as the focused topic, as this included significant 
ill- and well-structured problems, which are the distinct characteristics of 
constructivist and traditional mathematics respectively.  
According to Nitko (1996) well-structured problems are tasks that are clearly laid out, 
give students all the information they need, and usually have one correct answer that 
students can obtain by applying a procedure taught in class. In contrast most 
authentic problems are ill-structured. In order to solve an ill-structured problem, 
students have to organise, clarify and obtain information not readily available to 
enable understanding of the problem. In addition, there are likely to be a number of 
correct answers for an ill-structured problem (ibid, p.185). Seven emotional and 
motivational variables were regarded as closely related to children’s authentic 
experiences of mathematical problem-solving. The seven variables were disposition 
toward teaching, the liberal thinking style, the conservative thinking style, the deep 
approach, the surface approach, self-efficacy of effort and mistake anxiety.  
The study aimed to answer the following research questions: 
Research question 1: Are there distinct patterns of children’s emotional and 
motivational responses to mathematical problem-solving?  
Research question 2: What are the characteristics defining these patterns? 
Research question 3: Are there differences in attainments between these patterns? 
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METHOD 
Participants 
The participants in the study for the fractions topic were four mathematics teachers 
and their respective Year 5 pupils, aged 9-10, in a public primary school in Taiwan. 
Each class had 29 children, altogether 116 children. There were 51 children 
interviewed.  
Focused problems 
There were two ill-structured problems (Problems 1 and 2) and two well-structured 
problems (Problems 3 and 4) chosen as the focused problems for the fractions topic. 
These problems were taken from the textbook used in classes and had all been 
attempted by the children during the teaching of the topic.  
Problem 1: Please use calculation procedure, 7÷5 = 1
2/5 , to make a mathematical 
problem. 
Problem 2: Mother made several pizzas and Betty got 
3/4 pizza. By which ways could 
the pizzas be divided? 
Problem 3: Thirty-six scenery postcards are packed in a box. Equally divide ten 
boxes of postcards between nine persons. How much of a box of scenery postcards 
will one person get? 
Problem 4: Two ribbons (of equal length) are equally divided between six persons. 
How much ribbon will one person get? 
Measure 1: Learning Experience and Emotion Questionnaire (LEEQ) 
After the teaching of the fractions topic, children in the four classes completed the 
questionnaire four times, once in relation to each of the four focused problems. The 
questionnaire consisted of 28 items and two practice items. All items were rated on a 
five-point Likert scale, 1= strongly disagree to 5= strongly agree. The variable of 
disposition toward teaching was developed based on positive aspects of teaching 
methods in traditional and constructivist mathematics in Taiwan. The three items 
regarding the liberal thinking style and three items concerning the conservative 
thinking style were adapted from the Sternberg-Wagner Self-Assessment Inventory 
on liberal and conservative styles (Sternberg, 1997, pp.71-73). The items on deep 
approaches (six items) and surface approaches (five items) were adapted from the 
Revised two-Factor Study Process Questionnaire (R-SPQ-2F, Biggs, Kember and 
Leung, 2001). The three items in the self-efficacy of effort section were adapted from 
the part of the Indiana Mathematics Belief Scales that deals with the belief that ‘effort 
can increase mathematical ability’ (Kloosterman and Stage, 1992). The three items on 
mistake anxiety were adapted from the scale of ‘affect’ in the School Failure 
Tolerance Scale (Clifford, 1988).  
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Measure 2. Child-Interview Questions with the Repertory Grid Technique 
Children were interviewed using a 33-step process, including the repertory grid 
technique, a procedure first designed by Kelly (Kelly, 1955, p.219). 
Measure 3. Mathematical Attainments 
The attainment scores used were the mean standardised scores of the children’s 
mathematical attainments from the last semester and the first school test for this 
semester (including the fractions topic). 
RESULT 1: PATTERNS/CLUSTERS AND THEIR CHARACTERISTICS 
A cluster analysis was conducted to identify the patterns of children’s responses to 
the questionnaire. Two analyses were carried out to establish the validity of the 
clusters. Firstly, the data from the children’s interviews were explored to interpret the 
clusters. Secondly, the relationships were investigated between the clusters and 
attainments in mathematics (Whitebread, 1996, p.4) as criterion or predictive validity. 
The analysis dealt with 14 variables, the seven emotional and motivational variables 
for the ill-structured problems and well-structured problems respectively. The mean 
scores of the 14 variables were firstly transformed into standardised Z scores. As 
distance measures are ‘sensitive to outliers’ (Turner, 1998, p.762), 25 cases identified 
as outliers were deleted. Using Ward linkage and complete linkage, a four-cluster 
solution was derived which was found to be reliable and interpretable. K-means 
cluster analyses with cluster centres from the Ward linkage and complete linkage 
were performed respectively. The cross-tabulation of case numbers of clusters from 
both K-means analyses further identified nine outliers and these were deleted. This 
resulted in 82 cases left for the four-cluster solution. Cluster means (in Z scores) were 
calculated for the 14 variables, as shown in Table 1. 
Table 1 Cluster means and test results for the 14 variables 
Variables  Problem type  F  P<  Cluster 1 (N=21) Cluster 2 (N=33) Cluster 3 (N=17)  Cluster 4 (N=11)
1. Disposition toward teaching  Ill-structured 35.5  .0005  .34* -1.00**  .37* .34 
 
 
Well-structured 25.0 .0005  .20  -.97**7  .40**  .26 
2. Liberal thinking style  Ill-structured  24.2  .0005  .69**  -.09  .51**  -1.02** 
 
 
Well-structured 21.6 .0005  .64**  -.06  .59**  -.93** 
3. Conservative thinking style  Ill-structured  6.7  .0005  -1.9  -.50**  .28  -.003 
 
 
Well-structured 8.9  .0005  -.25  -.55**  .35*  .01 
4. Deep approach  Ill-structured  31.4  .0005  .64**  -.20*  .59**  -1.15** 
 
 
Well-structured 32.7 .0005  .65**  -.40**  .71**  -1.00** 
5. Surface approach  Ill-structured 27.9  .0005  -.83** -.12  .76**  .69** 
 
 
Well-structured 20.3 .0005  -.83**  -.07  .74**  .66** 
6. Self-efficacy of effort  Ill-structured 23.2  .0005  .79** -.63**  .16  -.79** 
 
 
Well-structured 26.6 .0005  .71**  -.69**  .43**  -.71* 
7. Mistake anxiety  Ill-structured  14.7  .0005  -.30  -.17  .88**  .70* 
 Well-structured  7.9  .0005  -.11  -.23*  .71**  .61 
* significantly different from 0 at the .05 level 
** significantly different from 0 at the .01 level 
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Cluster 1: involvement. The profile of this cluster shows that these children were 
active and engaged learners in mathematics classrooms. They had high self-efficacy 
of effort, took a deep approach rather than a surface approach to learning 
mathematics, solved problems in a liberal way, professed an insignificant mistake 
anxiety, and valued and relied on teachers’ teaching for ill-structured problems, but 
not for well-structured problems. They seemed to be able to use adaptive learning 
strategies to adjust to different problem types. In accordance with the Cluster 1 
identified in Turner et al.’s (1998) study, children from this cluster displayed an 
image of active learners, with the positive characteristics required in the learning of 
mathematics. Interview data revealed that children in this cluster enjoyed difficult 
and time-consuming mathematical problems. They seemed to have a special ability to 
accurately describe and sincerely appreciated teachers’ teaching and intentions in a 
positive way. 
Cluster 2: rebellion or negative ambivalence. This group of children scored 
negatively on all 14 variables, most significantly in relation to the variables of 
disposition toward teaching, self-efficacy of effort, conservative style and deep 
approach. They also had significantly low mistake anxiety about solving well-
structured problems. The children in this cluster had overwhelmingly the most 
negatively perceived disposition toward teaching. They engaged in learning 
mathematics but in an entirely instrumental way, not perceiving teachers as worth 
following, with little self-efficacy, not obeying existing rules to solve problems, not 
investing much time in learning mathematics, not perceiving mathematics as 
interesting, and not even worrying much about solving well-structured problems. 
Children in this cluster seemed to be an ‘anti-mathematics’ group. A possible reason 
for this ‘anti-mathematics’ is that their learning anticipation and styles were not 
rewarded by or not a good match with mathematics or the current teaching, as 
revealed by their significant low disposition toward teaching. Interview data showed 
that children in this cluster viewed mathematics as a tool only, not an aim in itself. 
They were not keen on listening to teachers and followed the principles of efficiency, 
economy and practicality in mathematics learning. 
Cluster 3: conformity or positive ambivalence. This cluster, in contrast to Cluster 2, 
presented a positive value for each variable and mostly in a significant way. 
However, the most significant characteristic of this cluster was their high mistake 
anxiety about both types of problem. A paradoxical phenomenon for this cluster was 
that they manifested significant deep and surface approaches at the same time, and 
displayed liberal thinking styles toward both problem types and conservative thinking 
styles to well-structured problems at the same time. They displayed self-efficacy of 
effort and conservative thinking styles toward well-structured problems, but not 
toward ill-structured problems, perhaps because of the awareness that their effort and 
following teachers’ teaching were successful learning strategies for making progress 
in solving well-structured problems, but not in ill-structured problems. They also had 
high disposition toward teaching for both types of problem. Cluster 3 children 
appeared to be resilient, accepting ‘everything’, such as different approaches to 
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learning, teachers’ teaching, mathematics and different thinking styles. From 
interview data, children in this cluster had identified themselves as possessing an 
‘inability to do mathematics’. They had a special ability to describe adversities as 
‘funny experiences’, in a humourous way. On the other hand, they tended to lay the 
blame on themselves for bad results. 
Cluster 4: avoidance. The profile of this cluster indicated a group of children who 
invested little time or motivation in learning mathematics (low in deep approaches 
and high in surface approach), refused to solve problems in a liberal way and had low 
self-efficacy of effort, completely contrary to the children in Cluster 1. They 
exhibited mistake anxiety about ill-structured problems, but not about well-structured 
problems, perhaps because ill-structured problems bear a high degree of difficulty 
and complexity, which seemed to be a poor match with their characteristics, such as 
negative liberal thinking styles and low self-efficacy. They revealed insignificant 
disposition toward teaching. Children in this cluster tended completely to withdraw 
their effort toward learning mathematics, perhaps related to their negative emotions 
such as low self-efficacy of effort, negative liberal thinking and high mistake anxiety. 
In contrast to Cluster 1 children in Cluster 4 presented a negative image, with ‘self-
handicapping’ behaviours in order to avoid mathematics learning. This is consistent 
with the Cluster 4 identified in Turner et al.’s (1998) study. Interview data showed 
that Cluster 4 children were experiencing a very difficult period in learning 
mathematics. They were desperate to grasp at the most effective and direct ‘stick’, 
such as ‘formula’ and ‘direct teaching’ to get rid of their self-image of being losers. 
At the same time they did not perceive themselves as hard workers in order to keep 
their positive self-esteem in mathematics. 
RESULT 2: ATTAINMENTS 
A one-way ANOVA revealed that there were differences in the attainments between 
the four clusters. One-sample t tests were carried out to examine whether the mean 
scores were significantly different from the value of 0. The attainments were 
significant differently from the value of 0 for Cluster 3, but not for the other three 
clusters. In addition, the results of LSD post hoc tests of the ANOVA showed that the 
attainment of Cluster 3 was significantly lower than that of Cluster 1.  
DISCUSSION 
There has been a pervasive perception that mathematics learning is a destiny, as one 
girl in the present study stated, ‘I feel mathematics belongs to people who are really 
smart’. One of the four teacher also indicated that ‘mathematics is a very special school 
subject. Only in mathematics, not in other subjects, if you can do, then you can do it. If you 
cannot do, then you cannot.’ The identification of the clusters in this study should not, 
however, be interpreted as an endorsement of this view of mathematics as a destiny. 
Rather, emotional responses to mathematical problem-solving are viewed more as a 
transient state than an unchangeable trait. A mathematics classroom at any time is a 
semi-shared environment. Given the wide variation in characteristics of children, 
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teachers are likely to face two choices. Firstly, in order to fit children’s diverse 
characteristics, teachers can provide diverse teaching methods and materials, such as 
constructivist teaching, hands-on experimenting, direct teaching, and providing 
challenging tasks, ill-structured problems and well-structured problems with diverse 
degrees of difficulty. Children as independent learners are expected, with teachers’ 
support, to be the right people to understand their own needs most and to be able to 
choose the most suitable teaching methods and materials for themselves. Project-
based teaching (Burton, 1994; Boaler 1998) is likely to be a way to facilitate 
independent learning. Secondly, teachers can provide ‘the ideal teaching’, which 
attempts to cultivate ‘the ideal characteristics of a mathematics learner’, such as the 
characteristics of Cluster 1 children, namely preference for challenging or non-
routine tasks without mistake anxiety, a positive deep approach to learning, high self-
efficacy, and learning styles matching the current mathematics curriculum of 
constructivist mathematics in Taiwan. However, as we have seen, while this is an 
ideal to strive towards, it may not meet the needs of all children in real classrooms, 
particularly at a time of change in the approach to mathematics teaching. Any 
‘effective’ teaching methods are potentially beneficial or not beneficial for some 
children in every classroom. If the effective or ideal teaching methods are potentially 
beneficial in the long term for children, then it is clearly necessary for teachers to 
have regard to the emotional and motivational responses of the children to particular 
teaching approaches, and to develop pedagogies which recognise the inter-relatedness 
of emotional and cognitive factors in mathematics learning. 
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PRIMARY TEACHER TRAINEES’ MATHEMATICAL SUBJECT 
KNOWLEDGE: THE EFFECTIVENESS OF PEER TUTORING  
Patti Barber and Caroline Heal 
University of London, Institute of Education 
As a matter of course, primary teacher trainees are introduced to theories of learning 
and to a range of pedagogical approaches as part of their training for teaching. 
From the outset they are encouraged to become aware of their own learning 
processes - a focus on meta-cognition - and share insights with their peers, and to do 
so in a way that might inform their teaching of children.  
The role of social interaction and collaboration in learning is explored. In their 
classrooms, trainees are encouraged to try a range of pedagogical approaches as they 
learn their craft, including setting up situations in which their pupils are encouraged 
to think about their own learning, can collaborate and help each other to learn. 
It is a basic premise that in our own approaches as teacher educators within initial 
teacher training that we should aim to demonstrate these processes in our own 
teaching. At the Institute of Education we have been trying to encouraging 
collaborative learning amongst our trainees and trying to judge where collaborative 
approaches might be most effective.  
In recent years we have been developing a place for peer tutoring within the learning 
experiences for trainee teachers within the PGCE course, and it is in relation to the 
development of curriculum subject knowledge that peer tutoring is now most 
formalised. In each of the curriculum subject areas where, until recently, there has 
been a requirement to audit the subject knowledge of trainees and take steps to 
remedy any deficiencies (DfEE 1998) we have developed course structures that 
include a role for peer tutoring. This paper describes our approaches to subject 
knowledge development in Mathematics and the role of peer tutoring within it.  
The research reported arose out of a collaboration of researchers from Cambridge, 
London, York and Durham universities in the UK who have been exploring primary 
trainee teacher’s subject knowledge in mathematics. Our findings are based on the 
feedback we received from trainees following peer tutoring to enhance subject 
knowledge. The sample cohort consisted of 210 postgraduate primary teacher 
trainees, all of whom have passed a qualification in mathematics at GCSE. 
The importance of mathematical subject knowledge in primary teaching has been 
established (Ball 1990, Shulman 1986, and Aubrey 1997) along with the negative 
effects of weaknesses on teaching in the classroom (Goulding et al 2002). 
Deficiencies in subject knowledge are linked to less effective teaching and also to an 
over reliance on commercial schemes (Millet and Johnson, 1996). 
To enhance the trainees’ understanding of mathematical subject knowledge we chose 
to use an approach involving peer tutoring for several different reasons. The literature 
has indicated benefits from studies in Higher Education (Topping in 
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Goodlad,1998).In his review of the literature about peer tutoring within Higher 
Education contexts, Topping points out that there is a great deal more research into 
teaching and learning in schools than in Higher Education settings (Topping in 
Goodlad 1998). Similarly much of the work on the contribution of peer tutoring 
processes to learning has taken place in school settings.  
Much less is known about adult learning - yet there is increasing scrutiny of the 
effectiveness of teaching and learning in tertiary settings. Topping suggests, with a 
certain irony, that the upsurge in interest in peer tutoring in Higher Education may be 
a pragmatic response to the double bind in which these institutions find 
themselves.Shrinking resources push them back towards traditional instructional 
methods, yet these are consistently criticised as ineffective. Including elements of 
peer tutoring may offer a way out of this difficulty.  
More optimistically, it seems that the majority of research studies that attempt to 
evaluate peer tutoring initiatives do suggest that peer tutoring has a positive effect. 
Some of these involve control groups and the independent measure of learning gains 
in different conditions, and some rely only on outcomes reported by participants. 
'Studies of achievement gains almost all indicate outcomes as good or better than 
group tutoring by faculty, and student subjective feedback is generally very positive.' 
(Topping in Goodlad, 1998, p. 67) 
We also wondered if the specific nature of mathematics and the emotions it tends to 
engender (Brown et al., 1999; Green and Ollerton, 1999) would mean that this 
approach would be particularly helpful in this context as indicated in the successful 
mathematical learning in New Zealand (Peters1998 ) of children in one to one 
pairings and supported by Sylva et al (1980) which found that the highest proportion 
of challenging play occurred when the children were in a pair.  
The sources of data we used were from an initial self audit of the trainees 
understanding of mathematical knowledge, written feedback from trainees about the 
initial audit, data collection and rank order of the results of the initial self audit, and a 
formal audit of mathematical subject knowledge marked by lecturers and, finally, 
written feedback after a peer tutoring session from peer tutors and peer tutees where 
the highest scoring trainees were paired for peer tutoring with the lowest scoring 
trainees. 
The analysis of the comments made by these low scoring peer tutees (N=20) before 
peer tutoring shows that the general level of confidence was low with many reporting 
panic.  
‘I tend to freeze when I am required to do maths’.  
They also perceived their levels of knowledge as low and many said they had 
forgotten the mathematics they had previously learned. 
‘My maths seems very rusty and I need a lot of time to recall back to different methods of 
calculating things.’ 
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They generally found the process of the audit very difficult. Only one of these trainee 
reported feeling fairly happy and one other said that she was aware of some of the 
required procedures. Some of these trainees suggested that the remedy for the poor 
state of their subject knowledge was self study and lots of revision of the forgotten 
topics. They felt they needed lots of practice.  
We provided training for the peer tutors with Amy who concentrated on the audit 
items that had caused the most difficulties for the peer tutees. Taking each item in 
turn, Amy asked the peer tutors to work in small groups going over it again, listening 
to each other's explanations, then finally giving one person the opportunity to 'teach' 
the whole group. The peer tutors reported how enlightening it was to hear so many 
alternative ways of approaching each problem and how instructive to realise that their 
own perspective on the problem was not the only one. 
During the preparatory session and during informal discussions with the peer tutors 
after the tutoring session it was clear that the peer tutors treated the responsibility 
with great seriousness. Generally they confirmed the impression gained from 
previous cohorts that they felt that not only their own subject knowledge but their 
pedagogic content knowledge were on the line. Many expressed apprehension at the 
prospect of the tutoring session and expressed doubts about what they had to offer. 
The feedback from the peer tutoring sessions pointed to the mediating influence of 
emotional factors in responses. Tutees expressed their own panic about mathematics 
and the associated lack of confidence at the beginning of the course. All of the tutees 
(n=20) found working with a peer tutor a positive experience and an aid to their 
understanding and confidence. There are comments in the written feedback to qualify 
the evidence. 
‘I found working with a peer tutor extremely helpful. A lot of problems I had were 
clarified’. 
Their feelings were comfortable and relaxed, preferring the one to one situation.  
‘It was good to talk to someone else about difficulties and get advice from them.’ 
Confidence was much improved, too. 
‘I found working with my peer tutor I felt less self conscious about where the gaps in my 
knowledge lie. Being able to work at a pace that was suitable for me to internalise the 
knowledge was very helpful.’ 
The peer tutors also all found their sessions beneficial and highlighted it in their 
written feedback, too. 
The study largely dealt with students’ perceptions but it does highlight questions for 
the future. It does suggest that peer tutoring is beneficial for this group of trainees 
who tend to be lacking in confidence. 
Our aim, in reflecting on our experience and in undertaking this analysis of the 
perceptions of peer tutoring has been to seek to improve the effectiveness of our 
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strategies for supporting our trainees. A number of issues have arisen as a result of 
this work. 
If we are to support the trainees with weaker subject knowledge more effectively we 
need to provide ongoing support earlier in the course. This was highlighted in the self 
audit feedback with many peer tutees reporting that they knew their levels of 
knowledge were poor. We need to pick up those who are finding difficulty and put in 
place more one to one and taught group sessions. However, early identification using 
the self audit only would fail to pick up some of the group, as only 50% of the 
eventual peer tutees were among the lowest scorers on the self audit, and some of 
those who were not, marked themselves as reasonably secure. They did, however, 
indicate their difficulties on the 'confidence' section of the self audit. Falchikov 
(2001) discusses the challenge of ensuring that peer tutoring is embedded firmly in 
the culture of the course. This is a challenge for us too. Although at present the peer 
tutoring occasion is organised and orchestrated by staff and is part of the timetable of 
the course, it is only on a single occasion. Given the positive feedback, we are 
actively considering the way we support peer tutoring at earlier stages. 
Many commentators suggest that appropriate training for peer tutors is a key issue in 
improving effectiveness (Falchikov, 2001). Although great appreciation was 
expressed for the preparatory sessions that were provided, we might consider 
whether, and in what ways, these might usefully be extended. If the use of peer 
tutoring were to be more formalised earlier in the course then perhaps a different 
approach to training would have to be devised.  
'Quality control' in peer tutoring sessions would also be an issue - and it is hard to see 
how this could be secured. It is a considerable challenge for staff to monitor peer 
tutoring processes. Some studies suggest that peer tutoring is most successful where 
the 'gap' between peer tutor and peer tutee is fairly narrow. This suggests that a 
different approach to organising pairings in our context might usefully be explored. 
Also pairings in which tutor and tutee change roles (rather than 'fixed' role pairings) 
are sometimes recommended. It is interesting to note that, although our research has 
not explored to any great extent the experiences of the 'middle' band of out trainees, 
we know that they were less enthusiastic about their experience of peer tutoring in 
more homogenous groups. There may be many reasons for this. Certainly the 
occasion was orchestrated very differently, and it may be that with different 
'preparation', these trainees could gain more from the experience. We continue to 
think about this. 
At any rate, self study as an approach to remedying deficiencies in mathematics 
subject knowledge does not seem to be sufficient. Many of the tutees, realising their 
low levels of subject knowledge early in the course, indicate that they will revise and 
use self study guides. However, the effectiveness of this may be limited. Half of those 
who identified themselves as having poor subject knowledge at the beginning of the 
course achieved the lowest scores in the formal audit. It may be that to develop 
knowledge and understanding in Mathematics requires more one to one support and 
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guided teaching? We need to understand more about the potential role of peer 
tutoring in mathematics specifically. 
The range of strategies employed by the peer tutors were welcomed by the tutees 
except for the trainee who found visualisation difficult and another where the tutor's 
explanation of algebra was not helpful. These issues might be addressed by making 
sure that we place more emphasis on the sharing of strategies in the taught sessions 
and in the preparation for peer tutoring. The tutors commented on their own 
opportunities to sharpen their thinking through explaining to the tutee. The tutees 
apparently found explaining to the tutor helpful. So explaining seems to be valued by 
everyone. But intriguingly, there was no mention of listening - it raises the link with 
pedagogical content knowledge and the kinds of issues we might want to raise in 
early briefing sessions. 
CONCLUSION 
And for the future? 
How can we be sure what happened in individual peer tutoring sessions? How can we 
handle quality assurance ? 
Should there be more specific training for peer tutors?  
Is the self audit the best way of highlighting the gaps initially as others emerged after 
the formal audit? 
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AN INVESTIGATION INTO THE MATHEMATICAL 
KNOWLEDGE OF PRIMARY TEACHER TRAINEES 
Maria Goulding 
University of York 
The U.K. government’s National Curriculum for initial teacher training and the 
associated set of assessment standards both include a focus on mathematical subject 
knowledge. This paper reports collaborative research into the mathematical subject 
knowledge of primary student teachers
 by a group of researchers from four English 
Universities.  
INTRODUCTION 
Prospective primary school teachers in England and Wales need to have certain 
minimum qualifications in mathematics before entry to teacher training courses. 
However, students may have attained such qualifications several years before training 
when syllabuses were different, or may have been entered for tiers with less 
curriculum content, or attained the grade without consistency across all aspects of the 
curriculum. Additionally, the knowledge required to meet the public qualification 
standard, even if it is judged to be very good by that standard, may need to be 
transformed and enriched in order to support the act of teaching.  
The SKIMA (Subject Knowledge in Mathematics) group is a collaboration between 
researchers in the Universities of Cambridge, Durham, York and the Institute of 
Education at the University of London. It grew out of a common interest in primary 
teacher trainees’ subject knowledge in mathematics predating the introduction of the 
government’s (DfEE, 1998) National Curriculum for Initial Teacher Training. This 
paper will discuss some of the specified knowledge and understanding which the 
government deemed to underpin the effective teaching of primary mathematics, the 
way in which the institutions investigated and addressed weaknesses in this 
knowledge, the self assessments made by the trainees and the link between this 
knowledge and teaching competence 
Building upon previous work (Rowland, Martin, Barber and Heal, 2000; Goulding 
and Suggate, 2001) the researchers devised a common procedure for use with over 
400 primary trainees in the different universities. It involved an early self-audit, a 
period when specific teaching was given and/or students could follow up areas of 
weakness, an audit taken in formal conditions and a follow up period when peer 
teaching was used. The process was designed in part to yield research data, which 
would give further insights into students’ strengths and weaknesses and their feelings 
about the process.  
SUBJECT KNOWLEDGE IN MATHEMATICS 
The conceptualisation of subject knowledge and its relation to teaching which 
informed the project has been detailed extensively elsewhere (Goulding, Rowland 
and Barber, 2002). For the purposes of the self-audit and the audit, Shulman’s 
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construct of subject matter knowledge (SMK) ‘the amount and organisation of the 
knowledge per se in the mind of the teacher’ (Shulman, 1986, p9) later analysed 
further (Shulman and Grossman, 1988) into substantive knowledge (the key facts, 
concepts, principles and explanatory frameworks in a discipline) and syntactic 
knowledge (the rules of evidence and proof within a discipline) were influential.  
Clearly we were constrained into using the government’s list of content. For instance, 
one of the substantive topic areas, equations, functions and graphs, included 
‘understanding the significance of gradients and intercepts’ (DfEE, 1998, p61). 
Although primary children would not be expected to cover the equation of the 
straight line, probing trainees’ understanding of this equation could reveal their 
appreciation of the relationships between symbols and graphs, and the power of 
visual representations. It could be argued that such appreciation is relevant to the task 
of teaching primary mathematics. Similarly, teachers are now required to sow the 
seeds of proof and algebraic thinking in the primary years. Trainees, therefore, were 
expected to ‘[follow] rigorous mathematical argument’ and ‘[be] familiar with 
methods of proof’. (DfEE, 1998, p62) In devising the audits and planning teaching 
we were able to choose our own questions and activities and in so doing tried to keep 
the relationship between these and the primary curriculum in mind. 
Elsewhere (Goulding, Rowland and Barber, 2002) we have highlighted weaknesses 
identified in substantive knowledge and also the particular difficulties which trainees 
in previous cohorts had with generalisation and proof. We interpreted these 
difficulties as a weakness in syntactic knowledge, an inability or unwillingness to 
make and test conjectures by personal investigation. Elements of weaknesses in other 
substantive areas were found by other researchers working with the same requirement 
to audit and remediate primary UK teacher trainees’ mathematical knowledge, but 
with different audit instruments. For example, Sanders and Morris (2000) found 
problems in all areas of the curriculum and Jones and Mooney (2002) found 
particular weaknesses in geometry.  
The relationship between SMK and the pedagogical content knowledge (PCK) 
(Shulman, 1986) required for teaching is still not fully understood. For instance, in 
the United States, Ball et al (2001) acknowledge that we have ‘an insufficient 
understanding of the mathematical knowledge it takes to teach well.’ In the UK, 
Carol Aubrey’s (1997) small scale but in-depth study led her to argue for the ‘central 
importance of disciplinary knowledge to good elementary (primary) teaching’. In the 
larger Effective Teachers of Numeracy Project at Kings’ College, London (Askew et 
al. 1997) the teachers whose pupils made the greatest gains in test scores were 
described as having ‘knowledge and awareness of conceptual connections between 
the areas which they taught’, without necessarily having advanced mathematical 
qualifications. In one of the SKIMA institutions, the Institute of Education, the 
relationship between SMK and teaching performance in number as judged by 
observing tutors was investigated for two cohorts of primary trainees in 1999 and 
2000. In both years, an association between mathematics subject knowledge as 
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assessed by the audit and competence in teaching number was found, with a 
particular risk associated with trainees with low audit scores (Rowland, Martyn, 
Barber and Heal, 2000, 2001). 
Promising insights into the way in which a combination of SMK and PCK can inform 
teaching are now emerging (Huckstep, Rowland and Thwaites, 2002). Trainees who 
have several representations for mathematical ideas and whose knowledge is already 
richly linked will be able to draw upon these both in planning and in spontaneous 
teaching interactions. In such cases we have argued (Goulding et al. 2002) that the 
trainees’ SMK is ripe for exploitation and that insights gained by such trainees in 
their teaching will feed back into and enrich SMK. The boundaries between SMK 
and PCK may well be blurred. 
METHOD 
Early in the course, all trainees undertook a self-audit (21 items) in their own time. 
They then consulted a commentary and support materials, and completed a self-report 
form with judgements of their responses to each item using a five-point scale from 0 
(‘I couldn’t attempt this question without help’) to 4 (‘My response was completely 
secure’). At the end of the form they were asked to ‘add any general comments about 
your mathematical subject knowledge that may be of help to your tutor’. Of the 432 
trainees completing the self-report, 274 (64%) added such comments. 
The audit consisted of 16 items on number and algebra, mathematical proof, 
measures, shape and space and probability and statistics, each marked on a five point 
scale from 0 (not attempted, no progress towards a final solution) to 4 (completely 
secure with convincing and rigorous explanations not necessarily using algebra). This 
ordinal scale coded responses for the purpose of formative feedback, with a crucial 
boundary between 2 and 3, since <3 advised further study. Criteria for 0 to 4 specific 
to each item were mutually agreed, piloted and then refined. 
The data obtained from the self-audit and the audit were analysed statistically; the 
self assessment comments were read and re-read for common themes, from which 
coding categories were developed and checked by two researchers. 
FINDINGS 
In the self-audit, the items on reasoning and proof, identified as problematic in the 
previous research, did not have particularly low mean ratings and were rarely 
mentioned in the trainees’ comments. The students were more concerned about 
terminology, shape and space, and the equations and graphs of straight lines. Many 
did not know the terms associativity and commutativity, which almost certainly 
accounted for the difficulty with the number operations question. Similarly the 
terminology of transformations may have accounted for difficulties with one of the 
Shape and Space questions. In the graph question the word gradient may have been 
the problem but it also seems likely that seeing the connection between the graph and 
the equation was a source of difficulty.  
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In the formal audit, two low scoring items on reasoning and proof did accord with the 
previous research. Perhaps students had not addressed reasoning and proof 
adequately because they had not identified this area as problematic in the self-audit. 
Perhaps the questions used in the audit were more probing than those on the self-
audit. The item on transformations similar to that on the self-audit also had a low 
score, even though students had earlier identified this and the associated terminology 
as difficult.  
The difficulties with terminology in the number operations, identified by students on 
the self-audit, had been resolved by the time of the formal audit, and the graph 
problem was tackled more successfully when set in a ‘real life’ context. In both cases 
this later success may have been a feature of students’ improved understanding or a 
feature of the item itself. In some cases, self-assessed difficulties seem to have been 
resolved and in others they persisted.  
Most of the students who commented about their confidence were either confident in 
all or most areas or were confident that they could update their knowledge. In terms 
of knowledge, most felt rusty or out of date, or felt that their knowledge was patchy. 
Of those who commented, the majority acknowledged the need for revision but fewer 
said exactly how they intended to go about it. It seems likely that many were relying 
on course provision. In specifying difficulties, there were common patterns in the 
specific items identified and in the generic difficulties across items. This helped 
tutors in the course provision between the self-audit and the audit, but it is not clear if 
the students acted upon their own self-assessments.  
There was an identifiable but small group (10%) of students who reported particular 
concerns in their comments on the self-audit. Their responses were characterised by 
emotional language and sometimes reflected negative learning experiences in the 
past. Half of these students also had low self-ratings, but there were also students 
with high self-ratings who expressed concern and students with low ratings who 
expressed no concern. Being able to express their concern at this stage in the process 
may have been helpful to some, since tutors were alerted and could respond 
accordingly. The choice of peer support groups and peer tutors was made with these 
considerations in mind and seemed to be successful in boosting the confidence of 
weak trainees and also that of the stronger trainees who acted as peer tutors (Barber, 
Heal and Martyn, 2002) 
CONCLUSIONS 
The audit items on reasoning and proof demanded very little technical expertise but 
did require the ability and willingness to investigate a situation, look for general 
patterns, make conjectures and try to justify them i.e. expertise in syntactic 
knowledge. This change in orientation may be too much to achieve in the one year 
PGCE course. The weaknesses in the shape and space items running through both the 
self-audit and the audit included transformations, an element of substantive 
knowledge. Difficulties with transformations should be of direct concern to primary 
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teachers and clearly still needs addressing. Although we were technically able to pass 
all the students after follow up work we still have concerns about aspects of both 
substantive and syntactic knowledge. 
The fact that so many students seem to take a fairly sanguine view of the whole 
auditing process is encouraging although some of them may be too complacent. The 
identifiable group with particular worries is still of concern. Voicing their concern 
may have been helpful to these students and it continues to remind tutors of the need 
for sensitivity when handling mathematical subject knowledge. In the same way that 
aspects of substantive and syntactic knowledge may take longer than one year to 
develop, developing confidence and positive attitudes will almost certainly be a long-
term project for these students.  It would be interesting to see if the students with low 
self-ratings who also express concern have more difficulty in developing confidence 
than those with high ratings. 
Postscript 
During the period of this study, government inspectors claimed to find that trainees’ 
mathematical subject knowledge had improved substantially, attributing this partly to 
more systematic and less superficial auditing of subject knowledge. The new 
regulations (TTA, 2002a), however, do not specify a body of knowledge or require an 
audit, but one of the assessment standards is ‘a secure knowledge and understanding 
of the subject(s) [the trainees] are trained to teach.’ The non-statutory handbook 
(TTA, 2002b) suggests that the source of evidence for this standard ‘is most likely to 
be found in trainees’ teaching, particularly in how they present complex ideas, 
communicate subject knowledge, correct pupils’ errors and in how confidently they 
answer subject-based questions’ (part 1, para. 2.1, p11).  
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MINDING YOUR PS AND CS: SUBJECTING KNOWLEDGE TO 
THE PRACTICALITIES OF TEACHING GEOMETRY AND 
PROBABILITY 
Claire Mooney, Mike Fletcher and Keith Jones 
University of Southampton 
The review of the implementation of the National Numeracy Strategy by Ofsted (Nov. 
2003) has highlighted weak subject knowledge as a consistent feature in 
unsatisfactory teaching.  This study looks at the subject knowledge of generalist 
primary trainees in the areas of geometry and probability and their ability to apply 
their knowledge to problem solving tasks.  The study goes on the raise the question, 
‘is a profound understanding of fundamental mathematics (PUFM)(Ma, 1999) 
possible in generalist teachers?’  
INTRODUCTION 
This study looks at pre-service primary teachers’ subject knowledge of geometry and 
probability, both procedural and conceptual, within the practicalities of teaching.  It 
aims to identify the nature of the connections between subject confidence, 
competence and classroom practice in these areas of mathematics.  The study 
considers areas of mathematics that trainees encounter less frequently and more 
periodically, requiring them to use and apply mathematics knowledge with which 
they may be less familiar.  Both geometry and probability are topics that need to be 
delivered statutorily, but which tend to be taught in discrete units rather than as a 
continuous strand, this might have particular consequences for the nature of subject 
knowledge.   
This study looks at the geometric and probability knowledge that the trainees identify 
and use.  Building on the theoretical definitions of knowledge, it identifies evidence 
of how trainee teachers use their mathematics subject knowledge to underpin their 
teaching.  It considers what knowledge they are using to inform their planning, 
teaching and assessment of mathematics.  It compares their own subject matter 
knowledge confidence and competence with their pedagogical content knowledge.  
METHODOLOGY 
370 trainees across two HE institutions (PG and GTP routes) and one SCITT will be 
surveyed.  The methodology comprises the following activities:  
•  Subject knowledge in geometry and probability is assessed; 
•  Confidence is self-audited and graded;  
•  The ability to apply this knowledge to problems solving tasks is assessed and 
coded;   
•  Lesson plans are analysed and the subject knowledge identified is encoded; 
•  Trainees are videoed teaching geometry and/or probability;   
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•  Videos are analysed in order to identify and encode the subject knowledge that is 
demonstrated, both spontaneously and within planned situations; 
•  Quality grades are allocated to videoed lessons; 
•  Relationships between the variables and the impact on teacher effectiveness is 
identified.       
MATHEMATICAL KNOWLEDGE 
Within primary ITE it is fairly straightforward to develop and resource activities for 
trainees that allow them to develop and evidence their procedural understanding of 
mathematics.  Undoubtedly they need to be able to apply mathematical procedures 
effectively in order to support their development as teachers of primary mathematics, 
however, although this procedural knowledge is clearly necessary it is not sufficient.   
Eddie Gray’s (1997) work with children looked at distinguishing between processes 
and procedures in mathematics and is equally applicable to ITE trainees learning as it 
is to other learners.  Processes do not include any implication that they are carried out 
in a unique manner.  For example, the ‘process of addition’ might use a mental 
method, might use counting on a number line or a formal written algorithm, but the 
method used is not implied within the process.  Conversely ‘procedure’ describes a 
specific algorithm.  Gray believes that learners who interpret processes only as 
procedures make mathematics harder for themselves.  However, if they do not restrict 
their understanding of processes to procedures, then they are able to see processes as 
flexible precepts.  The divergence between the two he refers to as the ‘proceptual 
divide’.  He argues that the difference between success and failure lies in the 
difference between the use of precepts and procedures.   
It would be easy to assume that the mathematical knowledge necessary to teach 
effectively is a grasp of the content as flexible precepts.  However it is now 
recognised as being a more complex issue than this.  Shulman (1986) used the term 
pedagogical content knowledge (PCK) to represent a blend of content and ‘ways of 
transforming that content in terms of its teachability’.  In mathematics PCK includes 
forms of representation of concepts, useful analogies, examples, demonstrations, and 
so on that can help to make mathematical ideas comprehensible to others. 
It could be argued that Shulman’s model may be too simplistic, however it has 
proved useful in distinguishing the two relevant knowledge domains; subject matter 
knowledge (which includes key facts, concepts, principles, and explanatory 
frameworks of a discipline, as well as the rules of evidence used to guide inquiry in 
the field), and pedagogical content knowledge (which consists of an understanding of 
how to present specific topics in ways appropriate to the students being taught).    
Shulman’s pedagogical content knowledge is further support by Cochran et al (1993) 
with their model of pedagogical content knowing.  This phrase describes the 
knowledge of the subject matter, the learners and the environmental context of the 
learning.  
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A further extension of this has been proposed by Ma (1999), who proposed the term 
profound understanding of fundamental mathematics (PUFM).  PUFM refers to the 
depth, breadth, and thoroughness of the knowledge that is required to be an 
accomplished teacher of primary mathematics.  One example she explores is that of 
division of fractions.  She suggests that a profound understanding of this concept 
results in a teacher not only being able to calculate an answer to a problem (1¾ 
divided by ½), but also being able to suggest story problems to represent the 
meaning.  Being able to identify an appropriate context to model the different 
division structures was a clear indication of the depth of teachers’ understanding.  Ma 
suggested that teachers with PUFM make connections between mathematical 
concepts and procedures from the simple to the complex, appreciate different facets 
of an idea and various approaches to a solution, are particularly aware of the simple 
but powerful foundational concepts and principles of mathematics (such as equality), 
and are knowledgeable about the whole primary mathematics curriculum, not just the 
content of a particular age level. 
This study considers Ma's research that compared specialist Chinese elementary 
teachers with generalist American elementary teachers.  Whilst accepting that the 
teachers in China had not studied for such a long period, it could be argued that being 
a specialist should give rise to a PUFM more than for a generalist teacher.  Is it 
therefore reasonable to seek a PUFM from generalist teachers?  It would be very 
desirable, but is it feasible?   
This study proposes therefore that as a minimum exit requirement, generalist primary 
trainees should be able to demonstrate a Sufficient Understanding of Fundamental 
Mathematics (SUFM).   
SUFM 
The proposal that trainees should possess a SUFM gives rise to the obvious question, 
‘What is sufficient?’  It could be proposed that in light of the Adding It Up: Helping 
Children Learn Mathematics (2001) report from the USA, that the definition of 
mathematical proficiency for students contained there could be taken as mathematical 
sufficiency in trainees.   
•  Conceptual understanding – comprehension of mathematical concepts, operations, 
and relations 
•  Procedural fluency – skill in carrying out procedures flexibly, accurately, 
efficiently, and appropriately 
•  Strategic competence – ability to formulate, represent, and solve mathematical 
problems 
•  Adaptive reasoning – capacity for logical thought, reflection, explanation and 
justification 
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•  Productive disposition – habitual inclination to see mathematics as sensible, 
useful, and worthwhile, coupled with a belief in diligence and one’s own efficacy 
(page 115) 
As well as identifying these components of mathematical proficiency, the report also 
highlights how the quality of mathematics teaching is dependent on teachers 
application of both their knowledge of the mathematical content and their knowledge 
of the learners.   This is very clearly reflected in Ofsted’s findings in their 2003 report 
into the implementation of the National Numeracy Strategy, 
Weak subject knowledge is a consistent common feature in unsatisfactory teaching,   
restricting teachers’ ability to respond effectively to pupils’ difficulties and to make 
connections with other learning. It also affects the quality of planning and assessment. 
(p.6)  
PROBLEM SOLVING 
This study is still in the early stages of implementation.  Trainees geometric and 
probability knowledge has been tested, they have self-audited their confidence in 
these areas and have completed problem solving questions which have been coded.   
Within geometry, trainees were asked the following two questions, taken from 1000 
problems website: 
1) Imagine you are on a jetty, and you are pulling in a boat that is floating on the water 
some way away. The rope comes up over the edge of the jetty, and lies along the jetty as 
you pull it in. 
 
    
 
 
As you pull in 10 metres of rope the boat clearly moves in too, but does it move  
a) exactly 10 metres       b) more than 10 metres       c) less than 10 metres 
Explain your reasoning  
2) Two equilateral triangles, of lengths 10 and 7 respectively, are drawn with their bases 
touching and in line. 
 
 
 
 
 
 
A 
B 
C 
D 
10  7 
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Lines are drawn to connect the tops of each to the furthest corner of the other. 
Explain clearly why these two lines, AC and BD are of equal length. 
CONCLUSIONS  
The data gathered to date leads to the following conclusions: 
Question 1 
•  Trainees who score well on standard geometry tests do no better than trainees who 
score badly on standard geometry tests. 
•  Trainees who had high self-audit scores in geometry are no better than 
unconfident trainees. 
•  Trainees who score well on standard geometry tests tend to use Pythagoras’ 
Theorem to attempt to solve the problem.  
Question 2 
•  Trainees who score well on standard geometry tests do better than trainees who 
score badly on standard geometry tests. 
•  Trainees who score well on standard geometry tests tend to use Pythagoras’ 
Theorem. 
•  Trainees who had high self-audit scores in geometry do significantly better than 
unconfident trainees. 
These are conclusions drawn at an early stage in the study.  The next stage involves 
sampling trainees’ lesson plans for geometry and probability in order to identify the 
subject knowledge that is planned for.  Then trainees will be videoed teaching 
geometry or probability in order to identify the subject knowledge that is 
underpinning their teaching, both that which has been planned for and also that which 
is used spontaneously in interactions with the learners.  All of this data should 
support a more ‘sufficient’ definition of mathematical ‘sufficiency’. 
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'FILLING GAPS' OR 'JUMPING HOOPS': TRAINEE PRIMARY 
TEACHERS' VIEWS OF A SUBJECT KNOWLEDGE AUDIT IN 
MATHEMATICS 
Carol Murphy 
University of Exeter  
Data from one cohort of PGCE trainee primary teachers is used to examine their 
perceived value of a subject knowledge auditing process in preparation to teach 
mathematics in primary schools. Questionnaires (n = 96) were used to collect 
quantitative and qualitative data. Analysis suggests that some trainee teachers see 
the auditing process as 'filling in gaps' in their subject knowledge, developing their 
confidence and supporting them in their teaching, whereas other more confident 
trainee teachers do not see any relevance and may even see the process as ‘jumping 
hoops’ to fulfil the requirements of the course.  
INTRODUCTION  
Subject knowledge has been considered relevant to teacher performance and central 
to the knowledge required to teach mathematics. Government requirements (DfEE, 
1997, DfEE, 1998) stated that teacher-training providers ensure that trainee primary 
teachers have the knowledge and understanding necessary to teach mathematics 
effectively and where  
gaps in trainee teachers' subject knowledge are identified, ITT providers must make 
arrangements to ensure that trainee teachers gain that knowledge during the course 
(DfEE, 1997, p.27).  
The recent Qualifying to Teach Standards (TTA, 2003) requires that trainee teachers 
demonstrate a proficiency in subject knowledge in order to teach mathematics. 
Although a wider base of content knowledge related to teaching is recognised, the 
'gaps' referred to in government requirements relate to subject matter knowledge and 
in particular 'substantive knowledge', that is the key facts and concepts (Shulman, 
1986). Brown and Smith (1997) examined the links between increased substantive or 
personal knowledge and the wider knowledge base in the teaching of mathematics. 
Personal subject knowledge is seen as a key part of the wider knowledge base and an 
influential aspect of developing teaching through planning and reflection. In this way 
teachers' personal knowledge of key facts and concepts in mathematics may influence 
their approach to teaching. 
Although it would seem evident that there is a relationship between personal 
knowledge and the teaching of mathematics, it is not so clear which facts and 
concepts are relevant to the teaching of primary mathematics. Should these facts and 
concepts be based solely on the curriculum taught in primary schools or should they 
demonstrate knowledge from the curriculum beyond the primary phase? The 
relationship between level of knowledge in mathematics and effectiveness in teaching 
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primary mathematics does not seem straightforward (Askew et al, 1997). In this 
institution the subject knowledge audit is based on the list presented in the 
requirements of 1998 (DfEE, 1998). This list includes several facts and concepts 
beyond the primary curriculum. Although there are clear progressive links with the 
primary curriculum it may not be clear to trainee teachers how this knowledge relates 
to the teaching of primary mathematics.  
Research has previously looked at what we as researchers or teacher educators 
consider as valuable. This study examines one cohort of trainee teacher's perceived 
value of an auditing process in one institution. In order to determine the 'gaps' the 
trainee teachers are first asked to carry out online practice audits. They later carry out 
a final online audit before they undertake their school experience in the summer term. 
THE STUDY  
Ninety-six primary PGCE trainee teachers returned questionnaires evaluating the use 
of the subject knowledge audit. Within the cohort there is a mixture of specialisms, 
including mathematics and early years, and a range of abilities and experiences in 
mathematics. Questions included in the questionnaire were set out under two areas: 
how the audit had influenced their confidence in mathematics and how they 
perceived the relevance of the audit in preparing them to teach primary mathematics. 
A five-point Likert scale was used to quantify the data. Trainee teachers were also 
asked to explain why they felt the audit had (or had not) made a difference to their 
ability to teach primary mathematics. 
Data was analysed using SPSS data analysis software. Descriptive analysis of data 
was carried out to make preliminary investigations of frequencies. The data was 
found to be suitable for factor analysis and this has been used to investigate 
perceptions further. 
RESULTS AND ANALYSIS  
Table 1 shows that just less than half of the trainee teachers felt confident in their 
mathematical ability but the majority felt that the course had supported them in 
developing their confidence. A very large majority felt they had sufficient subject 
knowledge to teach primary mathematics. The audit process is intended to develop 
subject knowledge but only about half of the trainee teachers felt that their improved 
confidence had come from this and only about one third of the trainee teachers saw 
that it had made a difference to their ability to teach primary mathematics.  
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Table 1: Percentage frequencies showing confidence in mathematics and 
implications of the audit process for teaching. 
  Confident Neutral  Not  confident 
How would you rate your confidence in 
mathematics generally?  46% 42% 12% 
  Agreed Neutral Disagreed 
My confidence in mathematics has 
improved over the course  79% 15% 6% 
The online audit has improved my 
confidence  49% 35% 16% 
Subject knowledge needs to be at least 
GCSE standard to teach mathematics well 
in a primary school 
66% 23% 11% 
My subject knowledge will support my 
mathematics teaching  90% 9%  1% 
The audit process has made a difference to 
my ability to teach mathematics  35% 40% 25% 
The audit process will be of long-term 
benefit to my teaching  21% 50% 29% 
 
Sixty-four trainee teachers made verbal comments related to the perceived difference 
the audit had made to their ability to teach. The responses were categorised and 
ranked by correlating them with the Likert scale response to the statement The audit 
process has made a difference to my ability to teach mathematics. By ranking the 
statements accordingly a significant relationship (Spearman's Rank Order Correlation 
Coefficient of .716) was determined.  
Using this ranking, the first two categories (Table 2) suggest positive responses 
(57.8% of the respondents). The comments from these categories may be said to see 
the value of improved or revised subject knowledge and a perceived relevance of this 
to their teaching. 
I am now much more confident in mathematics and the audits gave me the opportunity to 
revise some long forgotten and not often used areas of maths. 
Made me identify areas to work on and see maths on a large scale. 
Categories 3 to 4 (Table 2) may indicate a neutral view of the relevance of the audit. 
Responses from these categories of comments would suggest that the trainee teachers 
did not see the audit process as a valid means of assessment or that their existing 
subject knowledge was beyond that of the audit.  
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Table 2: Frequencies of ranked verbal responses to "The audit process has made 
a difference to my ability to teach mathematics". 
  Category  Frequency 
(percent) 
1  Larger view of mathematics, knowledge beyond that 
needed or greater depth recognised as relevant to 
teaching 
6.3 
2 Revising/refreshing  knowledge and developing 
confidence in the subject  32.3 
3  Audit process was not supportive or was not seen as 
a valid means of assessment  5.2 
4  Existing knowledge of mathematics beyond that of 
the audit  5.2 
5  Does not support/develop teaching skills/knowledge  8.3 
6  Immediate revision/preparation more useful  5.2 
7  Level of subject knowledge required in audit not seen 
as relevant to curriculum required to teach.  3.1 
8  Meeting university requirements  1.0 
No statement made  33.3 
 
Categories 5 to 8 (Table 2) may indicate trainee teachers who did not view the audit 
as supporting them to teach. These categories suggest a range of reasons that include 
a lack of recognition of a link between the level of subject knowledge required in the 
audit and the ability to teach mathematics. Some trainee teachers stated a preference 
for revising an aspect of mathematics prior to teaching it. Examples of responses are: 
I feel there is a difference between mathematical ability and the ability to teach 
mathematics. 
Knowing about the subject does not necessarily mean that I will teach it well. 
I felt confident in most areas of maths. Any that I didn't I would revise before teaching 
the lesson rather than trying to remember everything all the time. 
Confidence that I have met the ability the University requires.  
Early years maths hardly warrants the necessity for GCSE standards of knowledge! 
Having to do linear and simultaneous equations is not helpful to my teaching. 
Factor analysis was carried out to investigate the responses further. In carrying out 
Principle Component Analysis (PCA) two components were selected for further 
examination. These suggest two groupings. One group felt that the audit had made a 
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difference to their ability to teach and that the audit would have a long term influence 
on their teaching. Although this group seemed to support the audit process they did 
not feel confident and did not feel that their subject knowledge would support their 
teaching. A second group can be identified as trainee teachers who felt confident 
generally and felt that their subject knowledge would support their teaching.  They 
did not however feel that the audit would make a difference to their ability to teach.  
DISCUSSION 
There would appear to be two groups of trainee teachers with differing perceptions of 
the value of the online subject knowledge audit in this institution. One group of less 
confident trainee teachers recognised the audit as 'filling gaps' in their subject 
knowledge.  They acknowledged increased confidence and saw a relevance to their 
teaching. Goulding et al (2002) also found that some trainee teachers welcomed an 
opportunity to address areas of weakness.  However it must be noted that, although 
the majority of the trainee teachers felt that their confidence had improved over the 
course, only half felt that the audit played a part in this (Table 1).  Evaluations of the 
PGCE course indicate that many trainee teachers appreciate the practical aspect of 
workshops and support from tutors in making them feel more confident.  
The second group appeared to be characterised by trainee teachers who generally felt 
confident about mathematics but did not acknowledge the value of the audit process. 
They may have seen the process as 'jumping hoops' in fulfilling the university 
requirements. In some instances this may have been due to learning styles as the 
process of testing was not seen as valid. Various other reasons were given for those 
who gave a more negative response to the value of the audit. In particular several 
trainee teachers felt that immediate revision prior to teaching an aspect of 
mathematics was more beneficial. Some of the trainee teachers who did see the 
relevance of the audit appreciated a wider view of mathematics. These two responses 
may suggest differing beliefs in mathematics as a discipline. 
In examining trainee teachers' perceptions of an audit process we may also be 
exploring their attitudes to mathematics. Ernest (1989) proposed that attitude, 
including confidence and beliefs, might influence approaches to teaching 
mathematics. Trainee primary teachers' lack of confidence, or even anxiety, in 
mathematics has long been recognised (Cockcroft, 1982) and it would seem that an 
anxious teacher would not have a positive approach to teaching mathematics. This 
study found that slightly less than half of the trainee teachers felt generally confident 
but it also found that the vast majority felt that their subject knowledge would support 
them in teaching primary mathematics. Some trainee teachers who do not see that 
improved confidence and level of subject knowledge can support their ability to teach 
mathematics at primary level may be revealing a belief in the teaching of 
mathematics that is limited to the preparation and delivery of discrete topics at an 
elementary level.  
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The different responses to the relevance of the audit may not only indicate different 
learning styles but also different attitudes to mathematics, including confidence and 
beliefs. The trainee teachers' perceptions can also provide a measure of how well the 
audit, as part of the course, reflects attitudes to mathematics. Development of the 
content and process of the audit would hope to see a larger proportion of trainee 
teachers who see the relevance of subject knowledge to their teaching of primary 
mathematics. 
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PROSPECTIVE PRIMARY TEACHERS' MATHEMATICS 
SUBJECT KNOWLEDGE: SUBSTANCE AND CONSEQUENCE 
Tim Rowland, University of Cambridge  
Patti Barber, Caroline Heal and Sarah Martyn, Institute of Education,  
University of London 
In the context of the day symposium on prospective primary teachers' mathematics 
subject knowledge held at the Birmingham day conference, this paper summarises 
some findings from research at the Institute of Education. These findings have 
provided part of the backdrop to subsequent collaborative work with researchers in 
Cambridge and York.  
INTRODUCTION 
The purpose of this paper is to present a succinct update on aspects of research 
reported at previous meetings of BSRLM (Rowland et al., 1998, 1999) arising from 
research on primary PGCE trainees' mathematics subject knowledge at the Institute of 
Education, University of London. Government Circular 4/98 charged Initial Teacher 
Training ‘providers’ with the audit and remediation of students’ subject matter 
knowledge (SMK). The Circular required providers to “audit trainees’ knowledge and 
understanding of […] mathematics …Where gaps in trainees’ subject knowledge are 
identified, providers of ITT must make arrangements to ensure that trainees gain that 
knowledge during the course” (DfEE, 1998, p. 48). Whilst we shared the widespread 
resentment at this interference in our management of subject matter issues, our 
research on prospective primary teachers’ mathematics subject knowledge has 
undeniably been both motivated and facilitated by it. The conceptualisation of subject 
knowledge which informed the project and its relation to teaching has been detailed 
extensively elsewhere (Goulding, Rowland and Barber, 2002), and is summarised in 
Maria Goulding's paper in these proceedings. It includes the key concepts of 
substantive and syntactic knowledge (Schwab, 1978) as components of subject matter 
knowledge. Substantive knowledge concerns the key facts, concepts, principles and 
explanatory frameworks in a discipline, whereas syntactic knowledge is more process 
oriented, concerning the nature of enquiry in the field, and how new knowledge is 
introduced and accepted in that community. 
In this paper, we describe our approach to the audit of the mathematics SMK of 173 
primary trainees in 1998-99. This was the first cohort of students following the one-
year PGCE course to whom the requirements of Circular 4/98 applied by statute. We 
had, however, piloted the audit and a draft version of the ‘standards’ on a voluntary 
basis the previous year, and draw on an analysis of one audit item in this paper.  
CONTEXT 
The structure of the primary PGCE under consideration is such that by the middle of 
January, with fully six months of the course remaining, the main content areas – 
number concepts and operations, data handling, mathematical processes, shape and 
Williams, J. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 23(3) November 2003 
92 
space, measures, algebra, probability – have been ‘covered’ in lectures and 
workshops. A 90-minute written assessment consisting of 16 test items in 
mathematics is administered at this point of the course. Each trainee’s response to 
each question includes a self-assessment of their ability to tackle it.  
The course includes two extended placements in schools in the latter parts of the 
second and third terms. Given these and other demands of the course, the major SMK 
remediation opportunity comes between the first and second placements. 
Other aspects of the 
taught course based in 
the University 
M
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K
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Other aspects 
of the taught 
course based 
in the 
University 
School 
placement 1
SMK peer-
tutoring and 
remediation 
(with other 
aspects of the 
course) 
School 
placement 2 
Term 1 (autumn)  Term 2 (spring)  Term 3 (summer) 
Table 1: The chronology of the PGCE course 
During school placements, each student works under the joint supervision of a 
school-based mentor and a university tutor. The two supervisors agreed on 
assessments of the student’s performance in teaching mathematics towards the end of 
(and in the context of) each placement, against the standards of Circular 4/98. 
TRAINEES’ MATHEMATICAL THINKING: GENERALISATION AND 
PROOF 
One dimension of our research was to identify what mathematics (within the remit of 
Circular 4/98) primary trainees find difficult, and the nature of their errors and 
misconceptions in these areas. In this brief account, we focus on just two aspects of 
the trainees mathematical thinking. 
Generalisation 
Just over half the trainees were insecure in an item designed to address the ability to 
observe and express a generalisation (see Rowland et al 2000 for details). 
Check that 3+4+5=3x4    8+9+10=3x9   29+30+31=3x30 
Write down a statement (in prose English) which generalises from these three examples. 
Express your generalisation using symbolic (algebraic) notation. 
Some students did not recognise the features common to all three examples and tried 
to derive a generality from the first case only. For example, one wrote: 
Three consecutive numbers added together equals the product of the first two numbers. 
  n + (n+1) + (n+2) = n x (n+1). 
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Others were able to express the generality in their own words but not symbolically. 
Responses such as a + b + c = 3b captured part of the picture but omitted the 
essential condition that the three numbers being summed are consecutive (or in 
arithmetic sequence). 
A few students struggled to find the words to communicate what they could ‘see’ in 
the examples. One wrote: 
Three ascending numbers may be equal, in sum, to 2 numbers that are multiplied 
together. The middle number of the sequence and the over all numbers are multiplied to 
give the same answer as those added together. 
This item, then, exposed weaknesses in recognising and articulating pattern and 
relationships, identifying significant elements, and in formulating expressions to 
represent these relationships. This relates to syntactical subject knowledge, since 
inductive reasoning is central to the philogeny and the otogeny of mathematical 
knowledge. It is perhaps not difficult to share the concern of the UK government 
about prospective primary school teachers who, for example, find it so difficult to 
perceive and communicate unity of form (let alone of meaning) in the three 
equations. At the same time, we would question the adequacy of “guided self-study” 
(DfEE, 1998, p. 48) in the face of such cognitive obstacles. 
Proof 
Currently, there is evidence for concern in the UK about students’ facility with 
mathematical proof, both at school and at university level (see e.g. London 
Mathematical Society, 1995). One argument suggests that logical reasoning was a 
casualty of curriculum and assessment reforms in the 1970s and 1980s. Circular 4/98 
requires that trainees demonstrate “that they know and understand […] methods of 
proof, including simple deductive proof, proof by exhaustion and disproof by 
counter-example (DfEE, 1998, p. 62)”. The following item was designed to audit this 
‘standard’. 
A rectangle is made by fitting together 120 square tiles, each 1 cm
2. For example, it could 
be 10cm by 12 cm. State whether each of the following three statements is true or false 
for every such rectangle. Justify each of your claims in an appropriate way:  
 (a) The perimeter (in cm) of the rectangle is an even number. 
 (b) The perimeter (in cm) of the rectangle is a multiple of 4. 
 (c) The rectangle is not a square. 
More than one mode of justification is possible for each part, but we anticipated some 
deductive arguments for (a), counterexamples for (b), and perhaps contradiction 
(√120 is not an integer) for (c). In the event, only one third of students made a secure 
response to the whole question and 30% either gave insecure answers to all three 
parts or did not attempt the question (see Rowland et al., 2001 for a detailed 
analysis). Most interesting, perhaps, is the fact that a significant number of students 
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did not seem to perceive the second statement as amenable to personal investigation 
on their part, which (for those who did so) uncovers counterexamples to refute the 
statement. Some claimed, for example, that the statement must be true because 120 is 
a multiple of 4, or even because the rectangles have 4 sides. These prospective 
teachers evidence little or no sense of mathematics as an experimental test-bed, in 
which they might confidently respond to an unexpected student question “I don’t 
know, let’s find out”. 
SUBJECT KNOWLEDGE AND CLASSROOM PERFORMANCE 
We move on now to data that have enabled us to build on and update our earlier 
findings (Rowland et al., 2000) associated with another of our project goals – 
investigating the relation between trainees’ SMK and their teaching competence. The 
level of each student’s subject knowledge (based on the audit) was categorised as 
low, medium or high, corresponding to the need for significant remedial support, 
modest support (or self-remediation), or none. In addition, assessments of the 
students’ teaching of mathematics were made (against the standards set out in 
Circular 4/98) on a three-point scale weak/capable/strong. For the 1998-99 cohort, 
these assessments were made (a) on both first and second placements, and (b) with 
respect to both ‘preactive’ (related to planning and self-evaluation) and ‘interactive’ 
(related to the management of the lesson in progress) aspects of mathematics teaching 
(following Jackson, 1966 and Bennett and Turner-Bisset, 1993). Tables 2 to 5 below 
show the four 3 by 3 contingency tables, for Placement 1 (N=167: six students had 
withdrawn from the course) and Placement 2 (N=164: three more students had 
withdrawn), together with expected frequencies (in parentheses) based on the null 
hypothesis that audit performance and teaching performance are independent.  
 
 
TEACHING PRACTICE 
PERFORMANCE   
TEACHING PRACTICE 
PERFORMANCE 
  Strong Capable Weak   
1 
(strong) 
2 
(capable) 
3 (weak)
High  17 (12.4) 16 (17.3)  1 (4.3)  A (high)  18 (12.4) 12 (16.1)  4 (5.5) 
Middle  31 (29.2) 38 (40.7) 11 (10.1) B (middle) 32 (29.2) 37 (37.8) 11 (12.9)
S
U
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T
 
K
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T
 
Low  13 (19.4) 31 (27.0)  9 (6.7) 
S
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K
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A
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I
T
 
C (low)  11 (19.4) 30 (25.1)  12 (8.6)
Table 2: Placement 1, preactive     Table 3: Placement 1, interactive 
Williams, J. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 23(3) November 2003 
95 
 
 
TEACHING PRACTICE 
PERFORMANCE   
TEACHING PRACTICE 
PERFORMANCE 
  Strong Capable  Weak   
1 
(strong) 
2 
(capable) 
3 (weak)
High  12 (8.1)  18 (14.1)  4 (11.8)  A (high)  13 (8.5)  19 (18.2)  2 (7.3) 
Middle  20 (18.5) 33 (32.3)  25 (27.1) B (middle) 21 (19.5) 42 (41.9) 15 (16.6)
S
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Low  7 (12.4)  17 (21.6)  28 (18.1)
S
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C (low)  7 (13.0)  27 (27.9) 18 (11.1)
Table 4: Placement 2, preactive     Table 5: Placement 2, interactive 
Each table has df=4, and values of χ
2 less than 9.5 support the null hypothesis against 
the alternative that audit performance and teaching performance are in some way 
linked (p<0.05). The χ
2 values for the preactive and interactive data are 8.2 (p=0.085) 
and 10.5 (p=0.03) respectively for Placement 1 and 17.8 (p=0.002) and 13.6 
(p=0.009) for Placement 2. Thus, the association between audit score and teaching 
performance is significant for three of the four analyses, the exception being the 
preactive dimension of the first placement. For the moment, we conjecture that the 
assessment of preactive aspects favours not only clarity about mathematics teaching 
and learning, but also a certain kind of bureaucratic competence that acts as some 
kind of ‘leveller’ in the very first exposure to work in schools. Taken together, 
however, these results support our earlier findings with the 1997-98 cohort (Rowland 
et al., 2000) and point to the positive effect of strong SMK in both the planning and 
the ‘delivery’ of elementary mathematics teaching. 
CONCLUSION 
We have drawn attention to the problematic nature of generalisation and proof as a 
component of the mathematics SMK of pre-service elementary teachers, adding 
further weight to the doubts of Goulding and Suggate (2001) that much can be done 
to remedy trainees’ difficulties with proof within initial training, especially given the 
multiple demands on them in all areas of the curriculum in an intensely pressured 
course. We would expect that clarity of understanding of the nature of proof and 
refutation in mathematics would inform the trainees’ approach to questioning and 
enquiry with their students, and we are struck by the robustness under replication of 
our earlier finding (Rowland et al., 2000) that effective classroom teaching of 
elementary mathematics is associated with secure SMK at a level beyond the 
elementary curriculum. It may be that, even within the constraints of PGCE courses, 
greater priority could be given to syntactic dimensions of SMK, although inevitably 
this would be at the expense of substantive elements.  
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The link between secure subject knowledge, as measured by the audit, and 
competence in the classroom might be thought to be no great surprise. There were, of 
course, a few salutary exceptions to the rule (the north-east and south-west cells of 
tables 2 to 5). The paper by Rowland, Huckstep and Thwaites in this volume is a 
contribution to understanding ways in which subject knowledge comes into play in 
the classroom in the teaching of elementary mathematics. 
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THE KNOWLEDGE QUARTET 
Tim Rowland, Peter Huckstep and Anne Thwaites 
University of Cambridge 
In this paper we describe a framework for the identification and discussion of 
primary teachers' mathematics content knowledge as evidenced in their teaching. 
This was the outcome of intensive scrutiny of 24 videotaped lessons. This framework - 
the 'knowledge quartet' - is then illustrated with reference to a particular lesson 
taught by one trainee teacher.  
INTRODUCTION 
In the Proceedings of an earlier BSRLM meeting we reported the outcome of our 
scrutiny of videotapes 24 mathematics lessons prepared and conducted by trainee 
primary school teachers (Huckstep, Rowland and Thwaites, 2003). The aim of the 
research was to identify ways in which the trainees' mathematics content knowledge 
'played out' in their teaching. We focused on both subject matter knowledge (SMK) 
and pedagogical content knowledge (PCK) (Shulman, 1986). This resulted in the 
identification of 18 categories (such as choice of examples) which were subsequently 
grouped into four broad, superordinate ‘units’ or dimensions. We have named these 
units as follows: 
foundation; 
transformation; 
connection; 
contingency. 
These four are the members of what we are calling 'the knowledge quartet'. Our 
research suggests that the quartet is comprehensive as a tool for thinking about the 
ways that subject knowledge comes into play in the classroom. In the earlier paper we 
described our methodology and described how we conceptualise each of the four 
units. We give here a brief recapitulation of that description, but the main focus of 
this paper is an illustration of the knowledge quartet with reference to just one of the 
24 lessons.  
THE KNOWLEDGE QUARTET 
The brief conceptualisation of the knowledge quartet which now follows draws on 
the extensive range of data from the 24 lessons.  
Foundation 
This first category consists of trainees’ knowledge, beliefs and understanding 
acquired in the academy, in preparation (intentionally or otherwise) for their role in 
the classroom. Such knowledge and beliefs inform pedagogical choices and strategies 
in a fundamental way. The key components of this theoretical background are: 
knowledge and understanding of mathematics per se and knowledge of significant 
tracts of the literature and thinking which has resulted from systematic enquiry into 
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the teaching and learning of mathematics.  The beliefs component relates to 
convictions held, and values espoused, by prospective teachers. Such beliefs typically 
concern different philosophical positions regarding the nature of mathematical 
knowledge, the purposes of mathematics education, and the conditions under which 
pupils will best learn mathematics.  
Transformation 
The second category concerns knowledge-in-action as demonstrated both in planning 
to teach and in the act of teaching itself. At the heart of this category, is Shulman’s 
observation that the knowledge base for teaching is distinguished by “ … the capacity 
of a teacher to transform the content knowledge he or she possesses into forms that 
are pedagogically powerful” (1987, p. 15). As Shulman indicates, the presentation of 
ideas to learners entails their re-presentation (our hyphen) in the form of analogies, 
illustrations, examples, explanations and demonstrations (Shulman, 1986, p. 9). This 
second category picks out behaviour that is directed towards a pupil (or a group of 
pupils) which follows from deliberation and judgement. Of particular importance is 
the trainees’ choice and use of examples presented to pupils to assist their concept 
formation, language acquisition and to demonstrate procedures. 
Connection 
This category binds together certain choices and decisions that are made for the more 
or less discrete parts of mathematical content. It concerns the coherence of the 
planning or teaching displayed across an episode, lesson or series of lessons. Our 
conception of coherence includes the sequencing of topics of instruction within and 
between lessons, including the ordering of tasks and exercises which reflect 
deliberations and choices entailing both knowledge of structural connections within 
mathematics and an awareness of the relative cognitive demands of different topics 
and tasks. 
Contingency 
Our final category concerns classroom events that are almost impossible to plan for. 
In commonplace language it is the ability to ‘think on one’s feet’. In particular, the 
readiness to respond to children’s ideas and a consequent preparedness, when 
appropriate, to deviate from an agenda set out when the lesson was prepared.  
A constructivist view of learning provides a valuable perspective on children’s 
contributions within lessons. To put aside such indications, or simply to ignore them 
or dismiss them as ‘wrong’, can be construed as a lack of interest in what it is that 
that child (and possibly others) have come to know as a consequence, in part, of the 
teacher's teaching. However, Brown and Wragg (1993) observe that “our capacity to 
listen diminishes with anxiety” (p. 20). Uncertainty about the sufficiency of one’s 
subject matter knowledge may well induce such anxiety, although this is just one of 
many possible causes.  
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NAOMI'S LESSON 
Naomi was one of 149 trainees  following a one-year PGCE course. She had chosen a 
'lower primary' (ages 3-8)  specialism. She is a Philosophy graduate and has an A* 
GCSE mathematics grade. Each of her responses to a paper-based 'audit' of her 
mathematics subject knowledge was a ‘model’ answer.  
This was the first videotaped lesson with Naomi’s Year 1 class. The learning 
objectives stated in Naomi’s lesson plan are as follows: “To understand subtraction as 
‘difference’. For more able pupils, to find small differences by counting on. 
Vocabulary - difference, how many more than, take away." 
Foundation 
It is clear from her lesson plan that Naomi intends to address ‘difference’ both 
conceptually and linguistically. That is to say, she wants the pupils to learn to 
perceive subtraction in terms of comparison, and to be able to answer appropriately 
questions about the difference between two numbers. Her plan suggests that she is 
aware of two distinct models of subtraction - the partition, or ‘take away’, model with 
reference to one set and the comparison model using two sets - and the need for 
children to learn both. In her introduction to the Main Activity
1, she arranged some 
magnetic frogs into two rows on a whiteboard, to facilitate comparison of the two 
sets. The differences are explained and discussed. Before long, she asks how these 
differences could be written as a “take away sum”. With assistance, a girl writes 5-
4=1. Later, Naomi shows how the difference between two numbers can be found by 
counting on from the smaller. 
The following extract shows that the well-documented problems of ambiguity with 
the word difference are manifest from the outset. 
Naomi:  Right. I had four frogs, so I was really pleased about that, but then my 
neighbour came over. She’s got some frogs as well, but she’s only got two. 
How many more frogs have I got? Martin? 
Martin: Two. 
Naomi:  Two. So what’s the difference between my pond and her pond in the number 
of frogs? Jeffrey. 
Jeffrey:  Um, um, when he had a frog you only had two frogs. 
Naomi:  What’s the difference in number? This is my pond here, this line, that’s 
what’s in my pond, but this is what’s in my neighbour’s pond, Mr Brown’s 
pond, he’s got two. But I’ve got four, so, Martin said I’ve got two more than 
him. But we can say that another way. We can say the difference is two 
                                                           
1 The National Numeracy Strategy Framework (DfEE, 1999) guidance effectively segments each 
mathematics lesson into three distinctive and readily-identifiable phases: the mental and oral 
starter; the main activity (an introduction by the teacher, followed by group work, with tasks 
differentiated by pupil ability); and the concluding plenary.  
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frogs. There’s two. You can take these two and count on three, four, and I’ve 
got two extra. 
First, Naomi poses the comparison problem in terms of “how many more?”, and 
Martin is able to respond correctly to this formulation. Her next question seems to 
anticipate the ambiguity problem in that she asks for the difference in the number of 
frogs. Whilst Jeffrey’s reply is indeed about numbers of frogs, the word difference 
has not cued him as intended, and Naomi has to be more explicit (“we can say that 
another way”) about the connection with the earlier “more than” problem. It is not 
clear whether Naomi is aware of the possible tension between the difference model 
and the language of 'take away'. 
Transformation 
The lesson began with a Mental and Oral Starter designed to practice number bonds 
to 10. Naomi’s sequence of starting numbers was 8, 5, 7, 4, 10, 8, 2, 1, 7, 3. This 
seems to us to be a well-chosen sequence. The first and third numbers are themselves 
close to 10, and require little or no counting to arrive at the answer. 5 evokes a well-
known double. The choice of 4 seemed (from the videotape) to be tailored to one of 
the more fluent children. The degenerate case 10+0 merits the children’s attention.  
One wonders, at first, why Naomi then returned to 8. The child (Bill) rapidly answers 
‘2’. The answer to our question becomes apparent when Naomi comes to the next 
child, Owen. The interaction between Naomi and the pupils proceeds as follows. 
Naomi: Owen.  Two. 
(12 second pause while Owen counts his fingers) 
Naomi:   I’ve got two. How many more to make ten? 
Owen:   (six seconds later) Eight.  
Naomi:   Good boy. (Addressing the next child). One. 
Child:   (after 7 seconds of fluent finger counting) Nine. 
Naomi:  Good. Owen, what did you notice … what did you say makes ten? 
Owen:   Um … four … 
Naomi:   You said two add eight. Bill, what did you say? I gave you eight. 
Bill:   (inaudible) 
Naomi:  Eight and two, two and eight, it’s the same thing. 
There seems to be some conscious design in Naomi’s sequence. Her choice of 
examples (a) was at first ‘graded’ (b) included later an unusual/degenerate case, and 
(c) finally highlighted a key structural property of addition i.e. commutativity. She 
draws attention to this relationship yet again in her final choice of 7, then 3, and in 
her comments on this pair of examples. 
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Connection 
It seems to us that the lesson offers the opportunity for Naomi to make two important 
connections. The first is that between partitive and comparative approaches to 
subtraction. The two involve very different procedures when carried out with 
manipulative materials, and it might not be apparent to pupils that they achieve the 
same outcome for a given subtraction. Naomi did in fact use the language of ‘take-
away’ throughout the lesson with reference to symbolic recording of the difference 
operations, by implication saying that this difference procedure (lining up two sets 
and looking at the excess) was achieving the same result as their previously-learned 
take-away procedure, since they recorded both in the same way i.e. a - b = c.  
The second connection that we have in mind is that between the 1-1 correspondence 
procedure (using manipulatives) and the counting on procedure. Naomi implies that 
there is a link between the two when, for example, she says “We can do this on our 
fingers as well”. However, the counting-on approach was only ever intended for the 
more able children. 
Contingency 
Naomi does not explore the children’s own proposals for the solution of difference 
problems or probe the ways that they are making sense of the lesson. There were 
times when children offered her an opportunity to do so, but Naomi seemed 
unwilling.  
In the Plenary, two dice are thrown to generate numbers to be subtracted. At one 
point the dice show 3 and 5, and Jeffrey sums them and answers 8. Stuart then comes 
to the rescue with 2. 
Naomi:  Excellent … How did you work it out, Stuart? 
Stuart:  I held out three fingers and five, and then there’s two left. 
Whereas Naomi had used her fingers as a way of tallying when counting on, Stuart 
has used his to model difference in a very direct way. He is using his fingers as 
portable manipulatives, representing both sets simultaneously - as Naomi had with 
the frogs at the beginning of the lesson. Naomi responds: 
Naomi:  Ah, OK. That does work because you’ve got five fingers on your hands so if 
you’ve got five here and three you’ve got two left to make five. But I know 
an even better way to work it out. Does anybody know another way to work 
it out?  
Naomi seems not to have seen the significance of Stuart’s unexpected explanation, 
and persists (“But I know an even better way”) with urging them to count on from the 
smaller number. 
DISCUSSION 
We had a number of objectives in undertaking this research, but consider just one of 
them here. Our first goal was to develop an empirically-based conceptual framework 
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for the discussion of mathematics content knowledge, between teacher educators, 
trainees and teacher-mentors, in the context of school-based placements. Placement 
lesson observation is normally followed by a review meeting between partnership 
tutor (and/or mentor) and trainee. Research shows that such meetings typically focus 
heavily on organisational features of the lesson, with very little attention to 
mathematical aspects of mathematics lessons (Brown, McNamara, Jones and Hanley, 
1999). The availability of the quartet might encourage and assist greater attention to 
subject matter content in the review. Indications of how this might work are implicit 
or explicit in our analysis of Naomi’s lesson. Due to time constraints, but also to 
avoid overloading the trainee with action points, each such meeting might well focus 
on only one or two dimensions of the knowledge quartet. These proposals are 
currently being evaluated in the context of the primary PGCE at Cambridge, where 
the framework of the knowledge quartet has been incorporated into guidance for 
lesson observation and feedback.  
We conclude with a cautionary note. In the novice teacher we see the very beginnings 
of a process of reconciliation of pre-existing beliefs, new ‘theoretical’ knowledge, 
‘practical’ advice received from various quarters, in the context of highly-pressured, 
high-stakes school-based placements. We recognise, therefore, that trainees’ teaching 
performance is highly constrained and mediated by factors other than their subject 
content knowledge. 
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RECENT UK RESEARCH INTO PROSPECTIVE PRIMARY 
TEACHERS’ MATHEMATICS SUBJECT KNOWLEDGE: A 
RESPONSE 
Jeremy Hodgen 
King’s College, London 
In this paper, I respond and comment on the papers presented at the colloquium, 
Recent UK Research into Prospective Primary Teachers’ Subject Knowledge. I draw 
out themes arising from the six presentations, in the context of other related research 
in the UK and elsewhere. I conclude by raising a series of issues and questions for 
future work in this area. 
INTRODUCTION 
The six presentations within this colloquium all report on research set in the context 
of a statutory mathematics subject knowledge audit within primary initial teacher 
education (ITE) (DfEE, 1998). The authors discuss responses to the use of a formal 
audit, self-auditing by trainees themselves and initiatives arising from this auditing 
process directed at improving student teachers’ knowledge of mathematics. Recent 
guidance has shifted the emphasis away from pencil and paper tests and towards the 
assessment of mathematical knowledge through student teachers’ classroom practices 
(Teacher Training Agency, 2003). Hence, this is an important and timely opportunity 
to evaluate this work and to consider the impact this focus on mathematics subject 
knowledge has had on ITE courses in England and Wales. 
Subject knowledge in primary mathematics has been recognised as an issue for some 
time within the mathematics education community (e.g., Ball, 1990), at a policy level 
in the UK (e.g., Alexander, Rose, & Woodhead, 1992; OfSTED, 2001) and 
anecdotally by those of us who regularly observe in primary classrooms. Many 
primary teachers appear to have significant gaps and weaknesses in their 
mathematical knowledge. Yet the issue is more than one of simply ensuring teachers 
have “more” mathematics. Indeed, Askew et al (1997) found that increased academic 
qualifications in mathematics to be slightly negatively associated with effective 
mathematics teaching
1.  Nor is the problem amenable to a “quick fix” solution. In the 
5 year Leverhulme Numeracy Research Programme, for example, Brown et al (2003) 
found little evidence that the relatively substantial interventions associated with the 
National Numeracy Strategy have had qualitatively significant effects on teachers’ 
subject knowledge.  
Several of the papers refer to the recent study by Ma (1999), who sought to 
understand how Chinese pupils outperform US pupils in international comparative 
                                                           
1 Askew et al (1997) found the teaching of teachers who had studied mathematics A-level to be 
similar to the teaching of those who had not studied A-level. When they considered the teachers 
who had passed A-level there was a slight negative effect, although this was not statistically 
significant. 
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tests despite Chinese teachers generally lower academic qualifications in 
mathematics. Ma compared a group of Chinese elementary teachers, who were 
mathematics specialists but who had not studied mathematics beyond the age of 14, 
with a group of US generalist elementary teachers, who had studied mathematics at 
college level. Ma found that the distinguishing feature of the Chinese teachers was 
their attitude to and understanding of mathematics. Indeed, some of the Chinese 
teachers in her study appeared to have an extremely deep knowledge, something she 
defined as a Profound Understanding of Fundamental Mathematics (PUFM). Ma’s 
study has been important in highlighting the possibility of primary teachers 
developing a deep understanding of mathematics. It has been so influential that 
Johnny Lott, in his capacity as President of the US National Council of Teachers of 
Mathematics, has recently called for elementary mathematics specialists citing Ma’s 
study as evidence (Lott, 2003). It is arguable, however, that the crucial factor in the 
Chinese teachers’ profound subject knowledge was not their specialist focus so much 
as their own mathematical experiences at school and their attitude to their own 
professional development. Ma’s work usefully adds to the literature highlighting the 
need for primary teachers to know mathematics differently. However, unlike the 
studies discussed here, Ma’s work was conducted with practising teachers and 
focussed almost exclusively on number.  
THEMES 
Mathematics subject knowledge is more than number 
In the current instrumentalist policy climate within mathematics education, several of 
these studies are useful reminders that teachers need to know more than just number 
and numeracy. Mooney, Fletcher & Jones focus on the trainees’ knowledge of 
geometry and probability, whilst Goulding and Rowland, Martyn, Barber & Heal 
highlight the areas of reasoning and proof. They thus provide an important counter to 
the almost exclusive focus on number and proportional reasoning in existing research 
and in UK policy agenda (e.g., OfSTED, 2001). In contrast to Ma’s (1999) argument 
that division by fractions to be the most difficult aspect of the primary mathematics 
curriculum, Goulding found that trainees’ subject knowledge of geometry to be 
particularly weak.  
Audits have focused attention on teachers’ mathematics subject knowledge 
The studies here highlight positive and potentially valuable ways in which the authors 
and their ITE institutions have responded to the issue of weak subject knowledge 
amongst their trainees. It is certainly arguable that without the auditing requirement 
the recent focus on subject knowledge would have been very much less intense. 
Murphy, however, highlights the tension inherent in this process with students 
perceiving the audit as both a valuable “filling gaps” exercise and as a less relevant 
“hoop jumping” exercise.  
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The interconnection between mathematical knowledge and effective teaching 
Rowland, Martyn, Barber & Heal add weight to their earlier finding of a positive 
relationship between students’ subject knowledge (as assessed by the subject 
knowledge audit) and their teaching competence, although the findings of Rowland, 
Huckstep & Thwaites at a different institution were more equivocal (Rowland, 
Martyn, Barber, & Heal, 2000). It is perhaps worth reflecting that such a finding does 
not contradict the work of Askew et al (1997) discussed above, since the subject 
knowledge audit was a very different test to A-level and the audit (unlike A-level) 
was conducted during the course. Mooney, Fletcher & Jones point to the importance 
of developing student teachers’ process knowledge. They discuss the use of some 
non-standard (and relatively difficult) problems within an audit, which encouraged 
students to use and question their intuitive knowledge of mathematics. 
Enabling primary teachers to develop their mathematical knowledge  
Goulding and Mooney both discuss the effects of the self-audit process on the 
trainees finding it to have some positive effects. Goulding, for example, found the 
students’ subject knowledge had improved in areas they themselves had identified as 
a weakness. However, the trainees were less able to identify their own weaknesses in 
the more content-free area of mathematical reasoning and proof and perhaps as a 
consequence these areas showed less improvement in the final subject knowledge 
audit. A further issue that Goulding highlights in relation to reasoning and proof is 
the need to convince students of the relevance of non-elementary mathematics for the 
teaching of primary mathematics. Mooney makes a similar point in relation to a small 
number of Key Stage 1 specialists.  
Barber, Heal & Martyn discuss a peer-tutoring approach pairing students with 
stronger subject knowledge alongside students with weaker subject knowledge. This 
builds on the Vygotskian notion of peer mediation, although the intervention 
described here (one 3 hour session) seems somewhat limited to have a significant 
effect on trainees’ mathematics subject knowledge. Nevertheless the students 
themselves perceived the process as a useful one and it appeared to reduce 
mathematics anxiety amongst the trainees. 
Rowland, Huckstep & Thwaites discuss the assessment of trainees’ subject 
knowledge in the context of their classroom practice and develop an instrument that 
appears to have potential use for formative assessment. In particular, they point to the 
importance of the transformation of subject knowledge for oneself into a knowledge 
that can enable other to learn. They also usefully highlight the contingent nature of 
teaching and hence the complexity of the way teachers use subject knowledge in their 
teaching decisions.  
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ISSUES AND QUESTIONS 
Confidence, anxiety and emotion 
Several of these papers discuss the issue of mathematics anxiety and the need to 
increase trainees’ confidence. The problem of maths anxiety is well documented 
(e.g., Buxton, 1981). However, simply reducing anxiety and enabling teachers to 
“feel better” about mathematics can lead to complacency as Askew (1996) found in 
the evaluation of the National Curriculum. Rowland, Huckstep & Thwaites quote 
Brown & Wragg in relation to teaching: “Our capacity to listen diminishes with 
anxiety.” However, I would argue that our capacity to listen is only possible through 
an intellectual and emotional engagement with mathematics. Such intense 
engagement can be at times both painful and difficult. Like primary teaching, 
mathematics is an emotional, intuitive and complex activity; mathematicians, like 
primary teachers, do what they do because they enjoy it and despite the difficulties. 
One criticism of Ma’s (1999) Chinese teachers is that the mathematics they present 
appears overly formal and deductive. In this regard, Bibby and myself have argued 
for the importance the desire to teach mathematics (Bibby & Hodgen, 2003). 
What is “good enough” mathematics knowledge? 
Mooney, Fletcher & Jones tackle the important question of what mathematical 
knowledge is sufficient and realistic for generalist teachers at the beginning of their 
teaching careers. They argue for a mathematical knowledge equivalent to the 
mathematical proficiency described in the US “Adding it up” report (Kilpatrick, 
Swafford, & Findell, 2001). This issue of good enough knowledge is an important 
one, particularly in relation to teachers who teach mathematics alongside nine other 
National Curriculum subjects. Nevertheless, Mooney et al’s pragmatic answer is 
problematic in two ways. Firstly, Kilpatrick’s mathematical knowledge is still at a 
very high level, very much higher than that we currently expect of our primary NQTs 
(and experienced teachers). Secondly, this underplays the importance of pedagogical 
content knowledge. Teachers use mathematical knowledge not so much for the doing 
of mathematics but rather for the teaching of mathematics, the transformative and 
contingent aspects that Rowland, Huckstep & Thwaites point to. Hence, a key aspect 
of primary teachers’ mathematics knowledge, even at an early stage in their teaching 
career, needs to be the teacherly transformation of content knowledge into knowledge 
sufficient for the teaching of mathematics.  
Initial Teacher Education is only the beginning 
Rowland, Martyn, Barber & Heal argue that it would be more honest and realistic to 
view the process of developing mathematics subject knowledge as an “on-going 
professional process.” Ma’s (1999) teachers developed over the careers. One striking 
feature of Ma’s study are the ways in which the Chinese teachers view their own 
mathematical knowledge as “work in progress”. Indeed the teachers with a profound 
understanding had an average of 18 years of teaching experience. This leads to the 
question of how we can enable primary teachers to see themselves as learners of 
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mathematics and mathematics education in similar ways to Ma’s Chinese teachers. It 
is arguable that ITE is likely to be less influential in this process than teachers’ on-
going professional development experiences. 
To what extent are subject knowledge audits a useful tool? 
The papers presented here largely focus on an individual and decontextualised audit 
of mathematics knowledge. Two of the papers explore collaborative approaches to 
developing subject knowledge: in developing their formative assessment tool, 
Rowland, Huckstep & Thwaites usefully point to the situated nature of teachers’ 
knowledge in terms of classroom decisions, whilst Barber, Heal & Martyn point to 
the possibility of trainees working together to develop their subject knowledge. 
There is increasing evidence that teachers’ subject knowledge is both situated and 
distributed (see e.g., Putnam & Borko, 2000). Work in the Leverhulme Numeracy 
Research Programme at King’s College suggests that some schools successfully 
“share” mathematics knowledge and expertise amongst a group of teachers. In my 
own research, I have found that primary teachers exhibited a far deeper and more 
substantive subject knowledge when working with others on authentic tasks than in 
individual “test” settings (Hodgen, In preparation; see also Hodgen, 2003). This 
would suggest that, despite the appearance of rigour, individual tests may not be as 
valid or reliable as more collective audits or assessments of subject knowledge. 
CONCLUSION 
The papers in this colloquium are evidence of a vibrant and valuable debate and 
research on the very real and complex issue of teachers’ mathematics subject 
knowledge. I look forward to further discussions arising from this work.  
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MATHEMATICS EDUCATION AND APPLIED LINGUISTICS 
WORKING GROUP REPORT 
Richard Barwell 
University of Bristol 
In this session I invited participants to work on issues concerning discourse analysis 
in mathematics education research, particularly that of reflexivity. Reflexivity 
concerns the inter-relationship between the analyst and their analysis. It arises as a 
methodological issue from questions such as: how do I interpret classroom discourse 
data? What are these interpretations based on? What kind of claims can I make 
about my interpretations? To what extent is discourse analysis ‘objective’? As the 
basis for discussion of the issues raised by these questions, participants were invited 
to work on a transcript of students working on a classroom mathematics task.  
A TASK 
The focus for this working group meeting was the role of reflexivity in interpreting 
classroom interaction, drawing on perspectives from linguistic ethnography. To 
provide a basis for discussion, the session began with an extract from a transcript. No 
information was provided at this stage. Participants were invited to read the transcript 
(reproduced below) in small groups and consider the following questions: 
•  What is happening here? 
•  What can you say about what the two participants mean by their words? 
•  How much do you need to know about the participants and their lives to be able to 
approach these question? 
•  How are you able to see what you see? 
Transcription conventions used in presenting this data are given in an endnote [1]. 
  A  now which one/ errr if there’s a hundred/ if there’s err/ if there’s ten 
busses/ bus-ses/   
50  Z  and [(ten) disappear   
  A         [(and) 
    no I got ten/ busses ten disappear then there’ll be none/ um/ and err  
    [ eight b- and   
 Z  [  and 
55    two and a half disappeared   
 A  no/  (both laugh)/ then a half then a half will g-/ half a bus will go 
(sound)/ I can’t drive/ oh no/ my back is gone/ I can’t even drive/ 
busses and um/ and a one bus/ one bus   
  Z  let me do one now   
60  A  takes/ takes/ takes/ ten people/ no/ one people/ no/ one person   
 Z  that’s  addin’   
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 A  [  no-o-o   
  Z  [ (we’re doin’) we’re doin’ division   
  A  yeah ten people/ and and there’s about hundred people ab-about fifty  
65    people/ and/ and one bus and one bus/ 
    [ takes about/ fifty/  
  Z  [ that’s a (…)   
  A  fifty people/ one bus takes fifty people/ and there are/ and there are/ 
and// there/ are/ there are um  writing 
70 Z  two  hundred   
  A  there are about two hundred and/ fifty two people waiting/ how many 
left//  
  Z  come on speed up/ look at your writing it’s going all wiggly// me do 
one/ ^(…)^/ now what   
75  A  err// I know/ pizzas/ (cheese and)  
  Z  how about how about cheese pizzas/ vegetarian pizzas/   
  A  yeah no/ um/ how much   
 Z  cheeseburger   
  A  alright then cheeseburger   
80 Z  no  beefburger   
  A  no that’s too haram  
  Z  no it ain’t   
  A  yeah it is   
  Z  I eat beefburgers/ I ate/ once I ate ten (Monday) night  
85  A  you’re you’re you’re you’re you’re an Englishman/ and you/ ‘cause/ 
‘cause um/ ‘cause me (dad)/ um beef is haram/[ it is  
  Z                         [ trust me/ I never ate it/ 
trust me I never ate it   
 A  you  little liar/ (…)  
90 Z  cheese//   
  RB  how many’ve you done  RB enters 
 
DISCUSSION 
On being invited to share interpretations of what was happening in the transcript, it 
became apparent that a number of different stories had been constructed. Differences 
in the stories concerned, for example: the ages of the participants (children or 
adults?), the genders of the participants, the cultural backgrounds of the participants 
and whether the participants were writing or solving problems. In considering the 
origins of these differences, participants referred to aspects of their own experience, 
including: their experience as teachers, their familiarity with my data, or their 
familiarity with the conventions of interaction. 
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One moment  which provoked considerable discussion was the use of the word 
haram by A (line 81). During the task, several groups discussed what haram might 
mean. Again, participants drew on their own experience to make sense of the word. It 
was apparent during subsequent discussion that some were unable to make sense of 
it. Some related it to the more familiar (to them) word halal. Some participants from 
Muslim backgrounds were very familiar with the word and were able to offer a 
nuanced explanation of the idea of haram. 
The task required participants to interpret a transcript with no background 
information provided. The detailed interpretations which resulted demonstrate the 
extent to which analysts draw on their experience of the world make sense of data. 
Analysts can be said to ‘read themselves’ into their data. This ‘reading-in’ was felt to 
be unavoidable. Nevertheless, a question arises concerning the extent to which, as 
researchers, we read ourselves into our interpretations without being aware that we 
are doing so. That is, that aspects of our interpretations are based on assumptions 
which derive from the background information that we have. Do we read girls’ 
participation as different from boys? Or Asian students’ participation as different 
from middle-class white students’? Should we? And more fundamentally, what are 
the limits of our interpretations of the words of people whose lives we do not share? 
How much can we say, for example, about the ‘beefburgers’ exchange, if haram is an 
unfamiliar word for us? Or equally, if we think we know what haram means? Or 
equally, if haram is a concept which informs our daily lives? 
REFLEXIVITY 
The final part of the session involved a discussion of issues relating to the idea of 
reflexivity. A definition and a quotation were offered as a stimulus for this 
discussion. Johnson (1977) defines reflexivity as: 
the mutual interdependence of observer or knower to what is seen or known (p. 172) 
Duranti (2000) suggests that: 
If one of the basic ethnographic questions is ‘Who does this matter for?’, we must be 
prepared to say that in some cases something matters for us, that we are the context…But 
such a recognition – and the reflexivity that it implies – cannot be the totality of our 
epistemological quest. Other times we must decenter, suspend judgement, and hence 
learn to ‘remove ourselves’, to be able to hear the speakers’ utterances in a way that is 
hopefully closer to – although no means identical with – the way in which they heard 
them (p. 9). 
The discussion which followed focused on several different aspects of Duranti’s 
words, including: 
•  the idea that as analysts we can ‘decentre’, 
•  hearing things as participants hear them, 
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Decentring 
Participants in the working group considered the extent to which, if at all, it is 
possible to ‘decentre’ or ‘remove ourselves’. In working on the transcript task, 
interpretations seemed to draw extensively on the interpreters’ experience of the 
world, even their experience of activities as basic as talking. It is difficult, therefore, 
to envisage ‘removing ourselves’. On the other hand, Duranti likens decentring to 
‘suspending judgement’. Laurinda Brown drew a distinction between being aware of 
a judgement or interpretation, and acting on it. She argued that whilst judgements or 
interpretations are irrepressible responses to a situation (nevertheless based on prior 
experience), it is possible to ‘hold’ these judgements in abeyance, in order to await 
further information.  Thus, whilst a reading of the above transcript might suggest that 
the two participants are from minority cultural backgrounds (in the context of the 
UK), on being aware of this ‘judgement’, it becomes possible to ‘hold’ the 
interpretation, and so allow for alternative possibilities. Perhaps the data comes from 
another part of the world. Perhaps the participants are both from a majority cultural 
background. Indeed part of the discipline of research is, arguably, developing 
awareness of the ‘judgements’ we make as analysts and taking them into account as 
we develop interpretations and analyses. 
Hearing things as participants hear them 
The point Duranti makes in the quote is not that we can hear speakers’ utterances in 
the way that they themselves hear them, but that in our interpretations, we can aim to 
get closer to that goal. This position is similar to the idea of ethnomethodology (see 
Garfinkel, 1967), an approach to research which seeks to explore how people make 
sense of their world. Clearly, it is not possible to hear words precisely as others hear 
them. ‘Outsider’ status, however, limits the interpretations that are possible. Julian 
Williams gave the example of undercover research into drug-dealing cultures. The 
researcher was interested in some of the language used by the dealers to describe 
their activities, but was unable to ask them what various expressions meant, as this 
would mark them as an outsider and compromise their position within the group. This 
suggests that sometimes we can never hear things as participants hear them. Adult 
researchers, for example, can never become children again. A white researcher 
cannot become black or vice versa. On the other hand, we can base our analysis on 
the words participants themselves use, rather than on implicit assumptions of our 
own. In this sense, we can move “hopefully closer to” the readings of the participants. 
CONCLUDING REMARKS  
A key point to come out of the working group discussion was the idea that, in 
interpreting interaction, analysts are inseparable from their analyses, which are 
filtered through their own experience. This is not to say that analyses are entirely 
constructs of the analyst. As Johnson’s definition suggests, analysts and analysis are 
interdependent, not identical. 
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NOTES 
1. Transcript conventions: Bold indicates emphasis. / is a pause < 2 secs. // is a pause 
> 2 secs. (...) indicates untranscribable. ? is for question intonation. ( ) for where 
transcription is uncertain. [ indicates overlaps. 
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INDUCTION FOR SECONDARY MATHEMATICS ITE TUTORS 
WORKING GROUP REPORT 
Sue Pope, St. Martin’s College, Lancaster 
Linda Haggarty, Open University 
Keith Jones, University of Southampton 
Becoming a mathematics teacher educator with responsibility for the education of 
trainee teachers is an under-researched area. This report looks at some key issues 
that effect new mathematics teacher educators, including how the role has changed, 
whether the emphasis is on ‘training’ (in consonance with UK Government 
terminology) or on education (and what the difference might be), about how people 
learn to become teachers, and about what is known about teacher educators and how 
people become teacher educators. The report argues that there are huge 
opportunities for researching all aspects of teacher education. 
PREAMBLE 
BSRLM along with AMET, ATM and MA have been funded by the TTA to produce 
an induction pack for new ITE tutors in mathematics. The pack is intended to include 
‘the best advice which experienced subject specialist trainers in ITT in England can 
produce’ (TTA, 2003). One of the areas to be addressed in the pack is research and 
BSRLM has agreed to support the development of material in this area. The working 
group
1 is intended to allow as many people with the appropriate expertise who wish 
to contribute to be able to do so. To date the working group has met twice. In 
September 2003 a one-day induction course at King’s College took place for new or 
relatively new mathematics ITE tutors. This paper is based on one of the sessions of 
that day prepared by Linda Haggarty. 
INTRODUCTION 
Teacher education has changed dramatically since the late 1980s. Before that, ITE 
tutors generally decided for themselves what a PGCE programme would look like, 
individual courses would be unlikely to be inspected, and students gained their 
qualification largely without reference to any national ‘standards’. Since the late 
1980s, teacher education has emerged as a key issue in government education policy 
and, as Furlong et al (2000) say, it has increasingly become a major site for 
ideological struggle between government and others, especially those in higher 
education, with an interest in the professional formation of teachers. The part played 
by research in these reforms has been small, whether it be in respect of informing 
what needed to be changed, in identifying what seemed to be likely solutions, or in 
evaluating the outcomes of the reforms. This is despite the fact that there is a 
                                                           
1Anyone wishing to contribute to the materials is very welcome to attend meetings of the working 
group or contact Sue Pope at s.pope@ucsm.ac.uk 
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substantial body of research in teacher education (see, for example, McNamara, 
Jaworski, Rowland, Hogden & Prestage 2002). 
Tutors on teacher preparation courses may wish to reflect upon the following 
questions: 
1.  Are you a teacher trainer or a teacher educator – and how might this influence 
what you do? 
2.  Are Standards, the TTA, and Ofsted generally welcomed by those in Higher 
Education? 
3.  What do we know about how people learn to become teachers? 
4.  What do we know about teacher educators and how people become teacher 
educators? 
ARE YOU A TEACHER TRAINER OR A TEACHER EDUCATOR – AND 
HOW MIGHT THIS INFLUENCE WHAT YOU DO? 
There will be some teacher educators who believe that students need to be told how 
to teach. From this perspective, students should be informed of the correct method for 
a particular situation and acquire the associated craft skills. Having been told, student 
teachers put those skills into practice in the classroom. If the students have been 
properly trained, then they will put those skills into practice effectively and pupils 
will learn. 
Calderhead (2001) says “there has been a trend for government agencies to claim that 
it is well known which teaching approaches and strategies ‘work’ and to make clear 
prescriptions for teachers’ practice”.  In this conception of teaching, little rationale 
exists for substantial teacher education courses. If teaching can be routinised in this 
way, then only modest training needs to be put in place to tell student teachers how to 
apply each set of routines. Associated with the language of ‘training’, we have the 
managerial language of ‘providers’ who ‘deliver’ this training.  
There will be other teacher educators who say that teaching is not like that. They will 
say that it is much more complex; there aren’t simple rules. It has more to do with 
being educated about a range of theoretical and practical ideas and then drawing on 
them intelligently to make decisions in particular circumstances. From this 
perspective there needs to be an emphasis on the appropriateness of teaching 
decisions which are informed by theoretical ideas, contextual demands, and values. 
Teaching is seen as an intellectually challenging task in which teachers continually 
examine and refine their practice. 
Two comments from the US are interesting here. The first tells us that the pendulum 
can shift… 
The complexity of teaching and the variability of the context work together to help justify 
the view of the teacher as a thinking, decision-making, reflective and autonomous 
professional. Because teaching is complex, and contexts vary, teachers themselves need 
to make decisions and reflect on their situations and teaching in order to act appropriately 
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in their classrooms. Training in particular practices is no longer the dominant approach to 
teacher education and staff development; training has given way to education, and the 
focus is on developing ways of thinking and exposing teachers to many different 
strategies. (Richardson and Placier, 2001) 
The second hints at the danger to teachers of over-prescription: 
Because low standards for entry into teaching have been commonplace, the resulting 
unevenness in the capacities of teachers has led many to perceive, accurately, that a 
substantial number of teachers seem unable to make sound judgements about curriculum 
and teaching methods on their own. As a result, prescribed teaching behaviours appear to 
some to be necessary and warranted. And if the prescribed structures for teaching make it 
appear mechanical and thoughtless, unexciting and low-skilled in nature, then any need 
for greater knowledge and skill may seem to have been obviated by the routinized nature 
of the job. Prospective entrants looking for challenging work will be dissuaded from 
seeking it in the teaching profession. (Darling-Hammond, 2001, p761) 
So the language used – either of ‘training’ or ‘education’  - is seen by many teacher 
educators as important. As a tutor in ITE, to what extent do you tell students how it 
should be - suggesting that if they behave as you tell them then it will work, or do 
you educate students to make their own decisions informed by theory, research and 
reflections on practical experience?  
ARE STANDARDS, THE TTA, AND OFSTED GENERALLY WELCOMED 
BY THOSE IN HIGHER EDUCATION? 
Only a decade ago, there was no TTA and no Ofsted. These organisations have had a 
massive influence on the types of courses offered (GRTP, flexible, traditional..); on 
curriculum (in the 90s a NC for ITE was introduced); on competencies (or standards) 
describing what beginning teachers need to know – and therefore prescribing what 
must be covered in courses. 
As Ofsted increasingly tightened its grip on ITE courses it became increasingly 
effective in achieving conformity to government legislation. Furlong et al (2000) 
comment in the 90’s… 
…government, through the work of the TTA and Ofsted, had developed a system of 
initial teacher education that was highly responsive to policy changes. In the course of 
just 15 years, the system had been moved from one of diversity and autonomy to one of 
homogeneity and central control. What the government, and particularly the TTA, had 
wanted was a common system with common standards and procedures no matter who 
was providing the training or where; this was how the TTA defined quality. By the end of 
the 1990s this had been largely achieved. 
Whilst HM Chief Inspector for Schools said that inspections of ITE courses (Ofsted, 
2003): ‘I think we can claim that the process of inspection, linked to funding, has 
kept everyone on their toes…’ 
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Nevertheless, there is little research available about the effect of standards on 
beginning teachers – but there are issues: 
•  Do they represent the sum total of what beginning teachers need to achieve? How 
about being able to research their own practice? How about liking mathematics? 
Do these matter? 
•  Are the ITE standards too ambitious? Well, they are pitched at a level that asks 
student teachers to do things that most existing teachers do not do. Being able to 
identify apprpopriate learning objectives and plan effectively can take some 
students most of their course to achieve. 
DfES (2002) says the most recent standards do not set a curriculum, nor do they 
specify how training should be organised or run. Given their specificity, however, 
together with regular Ofsted inspections to assess the extent to which trainers are 
‘compliant’ with requirements, it is perhaps not surprising that there is little room left 
for any movement away from what seems very close in practice to a prescribed 
curriculum.  
Government satisfaction with the outcomes of this are expressed through remarks 
made by HMCI (Ofsted, 2003) ‘…there can be little doubt that things like the 
Standards for QTS and the ITT National Curricula brought greater breadth and rigour 
to the training process and to the assessment of trainees’.  
However, recent research on student teachers in primary schools in England carried 
out by Edwards and Protheroe (2003) points to ‘a focus on performance in national 
tests, backed by inspection strategies, together with performance standards for 
beginning teachers, is forcing attention on the performance of the student teachers as 
deliverers of the curriculum’ (p228) at the expense of attention on concern for 
learning. 
HOW MUCH IS KNOWN ABOUT HOW STUDENTS LEARN TO BECOME 
TEACHERS? 
We know (Haggarty 1995, 2002) that: 
•  Many students think they can teach when they join the course. They envisage an 
apprenticeship model for becoming a teacher and they believe that teaching is 
about telling and that learning is about memorising. 
•  They each want to learn about different things from each other at different times – 
they have different agendas. Some want to learn about classroom management, 
some don’t – naïve optimism! 
•  Their somewhat limited view of teaching means that they often see much of what 
happens in the HEI as irrelevant in the early stages. ‘..pupil motivation?? I’ll 
motivate them with my charisma…’. This may present tutors with challenges. 
Williams, J. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 23(3) November 2003 
119 
•  When they’re in school and have problems of their own, they are keen to learn if 
they haven’t done so before. This has implications for the person who visits the 
students in school. 
•  Many have an idealised view of a particular teacher (or amalgam of teachers) 
whom they want to be like. Teachers in school who don’t behave like that may 
come in for a lot of criticism! 
•  In mathematics, there may be obstacles to learning when HEI input is in 
significant conflict with school practice, and the student is not helped to come to 
terms with this. 
Learning to teach is complex, and is intellectually challenging for tutors as we help 
students to learn. 
WHAT DO WE KNOW ABOUT TEACHER EDUCATORS? 
The role of the university tutor has changed dramatically as imposed changes and 
funding arrangements have taken hold. Whitehead et al (1996) describe difficulties 
for teacher education tutors vividly in two comments from a paper in which they 
report on data gathered from 53 HEIs: 
The impact of the transfer of resources from higher education institutions to schools is … 
having a marked effect on the structure of the workforce and the nature of staff activity in 
faculties of education, with a significant number of skilled teacher educators taking early 
retirement. These are frequently being replaced by a casualized and transient workforce 
of temporary, hourly-paid staff and by large numbers of school-based co-ordinators, 
subject mentors and class teachers contracted in, often on an annual basis, through 
partnership agreements.  Whitehead et al (1996) 
The reduction of staff in faculties is reducing the research base of faculties, as a reduction 
in full-time staff tends to lead to a narrower range of research interests. Furthermore, 
casualization is having an impact on the remaining permanent staff, with an increasing 
proportion of their time spent managing the work of others, for example inducting staff 
into their roles, and assuring quality in what is often a geographically dispersed 
workforce. This move into more managerialist and bureaucratic activity for the remaining 
core of full-time, permanent staff is likely to have a negative impact on the time they can 
devote to teaching and research, with detrimental consequences for both.  Whitehead et al 
(1996) 
In some HEIs temporary staff are expected to be managers of even more temporary 
staff! The resulting overload on HEI staff involved in teacher education leads to what 
could be described as intensification – the increased pressures and reduced support 
that are part of the ITE tutors’ working lives - a term more usually used to describe 
the working lives of teachers. Apple and Jungck (1991) see this lack of time as “a 
chronic sense of work overload” and Apple (1988), for example, argues that 
intensification can lead to inability to keep up with one's field, to teachers reducing 
the quality, not the quantity, of service provided to people, and to the cutting of 
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corners, since “there is so much to do that simply accomplishing what is specified 
requires nearly all of one's efforts”. Certainly, there is little time left to reflect on 
what is to be achieved when so much time is spent keeping up with government, TTA 
and Ofsted documentation.  
CONCLUSION - SO WHERE DOES THIS GET US? 
There are long-running tensions and struggles about how to help student teachers 
learn, about what tutors might want them to learn, and about how student teachers are 
assessed and courses are evaluated. There are huge opportunities for researching 
aspects of teacher education. 
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